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1. Introduction 
 Often, there is ambiguity in the truth resulting from uncertainty, and for 

this reason, we face problems in various fields, including physics, medicine, 
engineering, economics, social sciences, and computer science In 𝟣𝟣999, 
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Molodtsov [𝟣𝟣] introduced soft set concept and it was considered extension for 
set theory, allowing of easy application for this theory without restrictions to 
address and solve problems arising from uncertainty that traditional methods 
cannot resolve "Then, others presented, including Maji et al [𝟤𝟤-3] many 
operations on soft sets through the application of soft set theory. A lot of these 
works in this direction have been found, while the definition of reducing the 
parameters of soft sets emerged, and we have seen some works in this field [4, 5, 
6]"Presented by Chen [7], this work also studied soft real numbers and soft 
composite numbers [8-9], soft architectural spaces, softmetric space [𝟣𝟣0-𝟣𝟣𝟣𝟣], 
and softlinear space, along with softHilbert spaces, while examining some of 
their properties. Furthermore, through the advantage that the operator possesses, 
it ranks among the top in functional analysis, which is considered a 
generalization of the concept of a function. In 𝟣𝟣953, Brown [𝟣𝟣𝟤𝟤] for the first 
time linked the new concept with the operator theory, where the operator is 
called quasi-normal operator. The researchers studied this field and presented 
some specific features of quasi-normal operators. Research in this direction has 
continued until 𝟤𝟤0𝟣𝟣0, witnessing significant developments in various types of 
quasi-operators. Through the theory of soft inner product, which was further 
expanded in 𝟤𝟤0𝟣𝟣3, the concept of soft inner product was defined. [𝟣𝟣3] Some 
properties and features related to the concept of soft inner product were studied, 
and this theory was expanded through operators on soft inner product spaces and 
soft linear operators.[𝟣𝟣4-𝟣𝟣5, 𝟣𝟣8-𝟤𝟤3] In this context, a new formulation of the 
quasi-normal operator in Hilbert space will be presented, along with an 
examination of some properties and theories that are considered essential 
conditions for this operator.  

2. Elementary principles in soft theory 
Definition 2.1: [1] Assume that the universal set   should have the parameters 
make up the set  , such that    , soft sets over   is         , when       
         

Definitions 2.2: [9] If   set for parameters &   set for complex numbers. Let 
      family for all nonempty bounded subset for  . the map             is 
then referred to as a soft complex set. The symbol of its      .  

Definitions 2.3: [13] If   is parameter set &   vector space over field  .Allow a 
delicate set of   over  . If        vector subspace for        , then   is 
described as a soft vector space of   over  .  

Definitions 2.4: [17] Let   (  ̃ ) the mapping be a soft vector space. 
        (  ̃ )    (  ̃ )  called soft inner product on   (  ̃ ) iff it ٭     
satisfied following conditions                (  ̃ ) and for every soft real 
number   ̃: 
𝟣𝟣.               ̃ and              ̃ if and only if      ̃  
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𝟤𝟤.                         
3.         ̃        ̃               ̃          
4.                                      , the triple (   (  ̃ )          ) is called 

soft inner product space. 

Definition 2.5: [16] The soft complete inner product space (  (  ̃ )      ) is 
also known as a soft Hilbert space (    space) & is denote as the sign      .  

Definition 2.6: [14] If  ̂                soft operator in     space  , 
then  ̂ is namely soft linear operators ( S    operator), then  ̂         if for 
every    𝟣𝟣     𝟤𝟤     satisfy  ̂       𝟣𝟣      𝟤𝟤      ̂     𝟣𝟣      ̂     𝟤𝟤    and (   
   are    scalars ). 

Definition 2.7: [17] Let  ̂                 be (   operator) is soft 
bounded operator (    operator),            s.t          𝟣𝟣          𝟣𝟣   , 
    𝟣𝟣          

3. Proposed generalized soft operator and its traits  
 Definition 3.1: Suppose  ̂                be soft a linear operator with 
bounded so  ̂ claimed as soft  ̂   quasi  ̂  normal operator if   ̂  ( (  ̂ )   ̂ )  
 ̂( (  ̂ )   ̂ )   ̂   where       and  ̂               is soft bounded 
operator. 

To illustrate this definition, one can see the operator matrix,  ̂  
[     𝟣𝟣   ] to be soft  ̂   quasi  ̂   normal operator where    𝟤𝟤  but not satisfy 
in case   𝟣𝟣   

These proofs now provide certain properties of the soft  ̂   quasi  ̂ 
 normal operator. 

Proposition 3.2: Let  ̂                is soft  ̂   quasi  ̂  normal 
operator, then i) α  ̂ is soft  ̂   quasi  ̂  normal operator where α          

ii)  ̂ 
  ̂ is soft  ̂   quasi  ̂  normal operator where    ̂is closed sub space 

Proof:  

i)  (   ̂ )٭ *٭(̂   )) 
 

(    ̂ ) ٭̂      (٭̂  )  ) 
 
) (    ̂ ) 

(٭̂  ) ٭̂         
 
  ̂ 

(٭̂  ) ̂         
 
 ٭̂  ̂  

   ̂ *٭(̂   ))
 

 ٭( ̂   ) ( ̂  )

Therefore    ̂ is soft  ̂   quasi  ̂  normal operator.  
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ii)  ( ̂ 
  ̂ )

٭
 (( ̂ 

  ̂)
٭
)

 

(  ̂ 
  ̂ )   (  ̂

 ٭
  ̂ (٭̂ ) ) * 

 
  ̂

  ̂  ) 

(٭̂ ) ٭̂  )     
 
  ̂

  ̂  ) 

(٭̂ ) ̂  )    
 
٭̂  ̂   

  ̂  ) 

    ̂ ((( ̂ 
  ̂)

٭
)

 

(  ̂ 
  ̂ )) (  ̂ 

  ̂ )
٭
  

So, we will obtain, exactly  ̂ 
  ̂ is soft operator of the type soft  ̂   quasi  ̂  

Proposition 3.3: Every soft self adjoint operator is soft  ̂   quasi  ̂  normal 
operator. 

Proof:    ̂  ((  ̂ )    ̂)     ̂(  ̂    ̂)     ̂  𝟤𝟤  (1) 

 ((  ̂ )    ̂)  ̂    (  ̂ )   ̂  ̂     ̂  𝟤𝟤    𝟤𝟤 , so, we get (𝟣𝟣) = (𝟤𝟤), 
Therefore; soft  ̂   quasi  ̂  normal operator. 

Corollary 3.4: Given any soft operator   ̂ on Hilbert space       , 
(  ̂   ̂ ) also   ̂  ̂     ̂    ̂     ̂    ̂ and      ̂  ̂  are soft  ̂   quasi  ̂  normal 
operators. 

Remark 3.5: Given tow soft  ̂   quasi  ̂  normal operator,   ̂𝟣𝟣 and   ̂𝟤𝟤 it can be 
said that   ̂𝟣𝟣   ̂𝟤𝟤 is not always an soft  ̂   quasi  ̂  normal operator. Take at the 
following instance to demonstrate that. 

Example 3.6: If   ̂𝟣𝟣  [𝟣𝟣      𝟣𝟣 ] and   ̂𝟤𝟤  [𝟣𝟣 𝟤𝟤   𝟣𝟣 ] ,  ̂  [𝟣𝟣 𝟤𝟤     ] soft 
 ̂   quasi normal operators. If n = 𝟤𝟤, then 

  (  ̂𝟣𝟣   ̂𝟤𝟤)
(𝟤𝟤̂   𝟣𝟣̂  )) ٭

*٭
𝟤𝟤
(  ̂𝟣𝟣   ̂𝟤𝟤)   [𝟤𝟤 𝟣𝟣 𝟣𝟣 𝟤𝟤 ]  (1) 

  ( ̂ ((  ̂𝟣𝟣
   ̂𝟤𝟤)

٭
)

𝟤𝟤 (  ̂𝟣𝟣
   ̂𝟤𝟤*

, (  ̂𝟣𝟣   ̂𝟤𝟤)
٭   [𝟣𝟣 𝟤𝟤 𝟤𝟤 𝟤𝟤 ]  (2) 

Thus we can get 𝟣𝟣  𝟤𝟤  then   ̂𝟣𝟣   ̂𝟤𝟤 is not soft  ̂   quasi  ̂  normal 
operator. 

Theorem 3.7: Assumption   ̂𝟣𝟣    ̂𝟤𝟤                be two soft  ̂   quasi 
  normal operators which is known on in a Hilbert space with condition 

satisfies (  ̂𝟣𝟣   ̂𝟤𝟤)
٭
commutes with ( ∑  𝟣𝟣

  𝟣𝟣         ̂𝟣𝟣
     ̂𝟤𝟤

 Then (  ̂𝟣𝟣   ̂𝟤𝟤) is  ٭( 
soft  ̂   quasi  ̂  normal operator. 
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Proof : By using the definition of is soft  ̂   quasi  ̂  normal operator  

 (  ̂𝟣𝟣   ̂𝟤𝟤)
٭ (((  ̂𝟣𝟣   ̂𝟤𝟤)

*٭
 

(  ̂𝟣𝟣   ̂𝟤𝟤))  (  ̂𝟣𝟣   ̂𝟤𝟤)
٭ (((  ̂𝟣𝟣   ̂𝟤𝟤)

 )
٭
 (  ̂𝟣𝟣   ̂𝟤𝟤)) 

  (  ̂𝟣𝟣   ̂𝟤𝟤)
 ∑) ٭

            ̂𝟣𝟣
     ̂𝟤𝟤

   (𝟤𝟤̂   𝟣𝟣̂  )٭(  
  (  ̂𝟣𝟣   ̂𝟤𝟤)

𝟣𝟣̂ ) ٭
    ∑  𝟣𝟣

  𝟣𝟣          ̂𝟣𝟣
     ̂𝟤𝟤

    ̂𝟤𝟤
 we get  (𝟤𝟤̂   𝟣𝟣̂  )٭( 

  (  ̂𝟣𝟣   ̂𝟤𝟤)
𝟣𝟣̂ ) ٭

    ∑  𝟣𝟣
  𝟣𝟣          ̂𝟣𝟣

     ̂𝟤𝟤
    ̂𝟤𝟤

(𝟤𝟤̂   𝟣𝟣̂  ) (𝟤𝟤̂   𝟣𝟣̂  )٭( 
٭
  

   ̂𝟣𝟣
𝟣𝟣  ∑ )   ٭

  𝟣𝟣          ̂𝟣𝟣
     ̂𝟤𝟤

𝟤𝟤̂   ٭( 
(𝟤𝟤̂   𝟣𝟣̂  )  ٭   (  ̂𝟣𝟣   ̂𝟤𝟤)

𝟣𝟣̂ ٭
(𝟤𝟤̂   𝟣𝟣̂  )  ٭

  ٭
 ( ∑  𝟣𝟣

  𝟣𝟣          ̂𝟣𝟣
     ̂𝟤𝟤

(𝟤𝟤̂   𝟣𝟣̂  ) ٭( 
𝟤𝟤̂  ٭

 ,(𝟤𝟤̂   𝟣𝟣̂  )  ٭

Since (  ̂𝟣𝟣   ̂𝟤𝟤)
٭
 commuting with ( ∑  𝟣𝟣

  𝟣𝟣          ̂𝟣𝟣
     ̂𝟤𝟤

 ٭( 

     ̂𝟣𝟣
𝟣𝟣̂  ) ٭

   ̂𝟤𝟤)
 ٭

( ∑  𝟣𝟣
  𝟣𝟣          ̂𝟣𝟣

     ̂𝟤𝟤
٭(  (  ̂𝟣𝟣

   ̂𝟤𝟤)
٭
   ̂𝟤𝟤

(𝟤𝟤̂   𝟣𝟣̂  ) ٭
 (𝟤𝟤̂   𝟣𝟣̂  ) ٭

     ̂𝟣𝟣
𝟣𝟣  ∑ )   ٭

  𝟣𝟣          ̂𝟣𝟣
     ̂𝟤𝟤

𝟤𝟤̂   ٭( 
(𝟤𝟤̂   𝟣𝟣̂  )  ٭

 (𝟤𝟤̂   𝟣𝟣̂  )٭

     ̂𝟣𝟣
𝟣𝟣  ∑ )   ٭

  𝟣𝟣          ̂𝟣𝟣
     ̂𝟤𝟤

𝟤𝟤̂   ٭( 
(𝟤𝟤̂   𝟣𝟣̂  )(𝟤𝟤̂   𝟣𝟣̂  )  ٭

٭
 

     ̂ ((  ̂𝟣𝟣   ̂𝟤𝟤)
*٭

 
 (  ̂𝟣𝟣   ̂𝟤𝟤)  (  ̂𝟣𝟣   ̂𝟤𝟤)

٭
 

Hence (  ̂𝟣𝟣   ̂𝟤𝟤) is soft  ̂   quasi  ̂  normal operator. 

Remark 3.8: Examine what follows as an example to show that even if   ̂𝟣𝟣 and 
  ̂𝟤𝟤 are two soft  ̂   quasi  ̂  normal operator,   ̂𝟣𝟣   ̂𝟤𝟤 are not necessarily soft 
 ̂   quasi  ̂  normal operators.  

Example 3.9: If   ̂𝟣𝟣  [𝟣𝟣      𝟣𝟣 ] and   ̂𝟤𝟤  [𝟣𝟣 𝟤𝟤   𝟣𝟣 ] ,  ̂  [𝟣𝟣 𝟤𝟤     ] soft 
 ̂   quasi normal operators. If n = 𝟤𝟤, then  

  (  ̂𝟣𝟣  ̂𝟤𝟤)
٭ (((  ̂𝟣𝟣  ̂𝟤𝟤)

*٭
𝟤𝟤
(  ̂𝟣𝟣  ̂𝟤𝟤)+  [𝟣𝟣 𝟣𝟣 𝟣𝟣 𝟣𝟣 ] (𝟣𝟣) 

  ( ̂ ((  ̂𝟣𝟣  ̂𝟤𝟤)
*٭

𝟤𝟤
(  ̂𝟣𝟣  ̂𝟤𝟤)+ (  ̂𝟣𝟣  ̂𝟤𝟤)

٭  [𝟣𝟣   𝟣𝟣   ] (𝟤𝟤) 

Thus, we can get 𝟣𝟣  𝟤𝟤  then   ̂𝟣𝟣  ̂𝟤𝟤 is not soft  ̂   quasi  ̂  normal 
operator. 

Theorem 3.10: Let   ̂𝟣𝟣    ̂𝟤𝟤                be two soft  ̂   quasi 
 ̂  normal operators such that,   ̂𝟣𝟣   ̂𝟤𝟤     ̂𝟤𝟤   ̂𝟣𝟣,  ̂𝟤𝟤

٭    ̂𝟣𝟣     ̂𝟣𝟣 ̂𝟤𝟤
٭  and 

( ̂𝟣𝟣
(𝟣𝟣̂    ٭  ̂𝟣𝟣

٭   ̂𝟤𝟤 

  ̂𝟤𝟤  ( ̂𝟣𝟣
𝟣𝟣̂  (𝟣𝟣̂    ٭

̂  then   ̂𝟣𝟣  ̂𝟤𝟤 is soft ٭   quasi  ̂  normal operator. 

Proof: ( 𝟣̂𝟣  𝟤̂𝟤)
*٭(𝟤̂𝟤  𝟣̂𝟣 )) ٭

 
( 𝟣̂𝟣  𝟤̂𝟤)  ( 𝟤̂𝟤  𝟣̂𝟣)

٭ *٭(𝟤̂𝟤  𝟣̂𝟣 )) 
 

( 𝟣̂𝟣  𝟤̂𝟤) 
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   ̂𝟣𝟣
𝟤𝟤̂  ٭

(𝟣𝟣̂   𝟤𝟤̂  )) ٭
*٭

 
   ̂𝟣𝟣   ̂𝟤𝟤    ̂𝟣𝟣

٭    ̂𝟤𝟤
٭   ̂𝟣𝟣

𝟤𝟤̂   ٭
  𝟤𝟤̂   𝟣𝟣̂     ٭

   ̂𝟣𝟣
٭  (  ̂𝟣𝟣

    ̂𝟤𝟤)
𝟤𝟤̂  ٭

(𝟤𝟤̂   𝟣𝟣̂  )  ٭    ̂𝟣𝟣
٭   ̂𝟣𝟣

𝟤𝟤̂   ٭
𝟤𝟤̂   ٭

 𝟤𝟤̂    𝟣𝟣̂    ٭
  ̂𝟣𝟣

٭   ̂𝟣𝟣
𝟤𝟤̂   ٭

٭    ̂𝟣𝟣  ̂𝟤𝟤
𝟤𝟤̂    ٭    ̂𝟣𝟣

٭   ̂𝟣𝟣
𝟤𝟤̂  𝟣𝟣̂    ٭

٭   ̂𝟤𝟤
 𝟤𝟤̂    ٭

   ̂𝟣𝟣
𝟣𝟣̂   ٭

𝟤𝟤̂   𝟣𝟣̂    ٭
٭    ̂𝟤𝟤

𝟣𝟣̂  𝟣𝟣̂   𝟤𝟤̂    ٭
𝟣𝟣̂   𝟣𝟣̂    ٭

٭   ̂𝟤𝟤  ̂𝟤𝟤
𝟤𝟤̂   𝟤𝟤̂    ٭

 ٭
  ̂𝟣𝟣 ̂𝟤𝟤  ̂𝟣𝟣

𝟣𝟣̂   𝟣𝟣̂    ٭
٭    ̂𝟤𝟤

𝟤𝟤̂   𝟤𝟤̂    ٭
̂  Let ,٭    ̂𝟣𝟣 ̂𝟤𝟤 

   ̂  ̂𝟣𝟣
 𝟤𝟤̂  ) 𝟣𝟣̂    ٭

    ̂𝟣𝟣 )
𝟤𝟤̂  𝟤𝟤̂   ٭

٭   ̂  ̂𝟣𝟣
 𝟤𝟤̂  𝟣𝟣̂   ) 𝟣𝟣̂    ٭

𝟤𝟤̂  𝟤𝟤̂   ٭(  
 ٭

  ̂  ̂𝟣𝟣
𝟤𝟤̂  𝟣𝟣̂    ٭

𝟣𝟣̂    ٭
٭    ̂𝟤𝟤   ̂𝟤𝟤

٭   ̂  ̂𝟣𝟣
𝟤𝟤̂   ٭

𝟣𝟣̂  𝟣𝟣̂    ٭
٭    ̂𝟤𝟤  ̂𝟤𝟤

٭  

  ̂  ̂𝟣𝟣
𝟤𝟤̂   ٭

𝟣𝟣̂ 𝟤𝟤̂   𝟣𝟣̂    ٭
٭   ̂𝟤𝟤

٭   ̂ (   ̂𝟣𝟣   ̂𝟤𝟤)
(𝟤𝟤̂  𝟣𝟣̂   ) (𝟤𝟤̂   𝟣𝟣̂  ) ٭

٭
 

Therefore, the product   ̂𝟣𝟣  ̂𝟤𝟤 is soft  ̂   quasi normal operator. 

Theorem 3.11: Let   ̂𝟣𝟣    ̂𝟤𝟤     ̂                 was soft  ̂   quasi 
 ̂  normal operators then   ̂𝟣𝟣    ̂𝟤𝟤       ̂   is soft  ̂   quasi  ̂  normal 
operator.  
Proof: 

(  ̂𝟣𝟣    ̂𝟤𝟤      ̂  )
٭ (( ( 𝟣𝟣 ̂   𝟣𝟣 ̂ *٭(̂       

 
( 𝟣𝟣 ̂   𝟤𝟤 ̂        ̂))  

 ( ̂𝟣𝟣
٭     ̂𝟤𝟤

٭       ̂ 
(٭ (( ̂𝟣𝟣

( ٭
 

 ( ̂𝟤𝟤
( ٭

 
   ( ̂ 

٭  )
 
* (  ̂𝟣𝟣    ̂𝟤𝟤       ̂  ) 

 ( ̂𝟣𝟣
٭ ( ̂𝟣𝟣

٭  )
 
   ̂𝟣𝟣    ̂𝟤𝟤

٭  ( ̂𝟤𝟤
٭  )

 
   ̂𝟤𝟤       ̂ 

٭ ( ̂ 
٭  )

 
  ̂  * 

 (  ̂𝟣𝟣 ( ̂𝟣𝟣
٭  )

 
   ̂𝟣𝟣 ̂𝟣𝟣

٭     ̂𝟤𝟤
٭  ( ̂𝟤𝟤

( ٭
 
   ̂𝟤𝟤 ̂𝟤𝟤

٭       ̂ 
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  ,(٭

Let  ̂       ̂𝟣𝟣    ̂𝟣𝟣       ̂𝟣𝟣  

    ̂ ( (  ̂𝟣𝟣    ̂𝟤𝟤       ̂  )
*٭

 
(  ̂𝟣𝟣    ̂𝟤𝟤       ̂  ) 

  (  ̂𝟣𝟣    ̂𝟤𝟤       ̂  )
  ٭

So, one can obtain   ̂𝟣𝟣    ̂𝟤𝟤       ̂   is soft  ̂   quasi  ̂  normal 
operator. 

Theorem 3.12: Let   ̂𝟣𝟣    ̂𝟤𝟤     ̂                 was soft  ̂   quasi 
 ̂  normal operators then   ̂𝟣𝟣   ̂𝟤𝟤      ̂   is soft  ̂   quasi  ̂  normal 
operator. 

Proof: 

*٭(̂       ̂ 𝟤𝟤  ̂ 𝟣𝟣 ))  ٭(̂       ̂ 𝟤𝟤  ̂ 𝟣𝟣 )  
 

( 𝟣𝟣 ̂  𝟤𝟤 ̂       ̂)  
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(٭
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* ( 𝟣̂𝟣  𝟤𝟤 ̂       ̂ ) ( ̂𝟣𝟣

٭     ̂𝟤𝟤
٭   (٭ ̂      
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 (  ̂𝟣𝟣   ̂𝟤𝟤      ̂  ) (  ̂𝟣𝟣   ̂𝟤𝟤      ̂  )

 * ٭
So, one can obtain   ̂𝟣𝟣   ̂𝟤𝟤      ̂   is soft  ̂   quasi  ̂  normal 

operator. 

4. Discussion and Conclusion  
The importance of the operator in functional analysis in terms of algebra 

and analysis has been linked to soft set theory and many spaces, one of which is 
the soft Hilbert space and the main coincidence in this work is the introduction 
of another and different set of soft Hilbert space operators, which is a Novel 
Type of Extended Soft quasinormal for Normal Operator in Hilbert Space 
Studying some of the characteristics and theories that are more effective, clear 
and comprehensive, and this system is expanded through other studies and 
research that are deeper in this direction. 
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