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Abstract

A mathematical model formulated using ordinary differential equations is proposed
to study the dynamics of zoonotic Nipah virus in fruit bats (natural hosts of Nipah virus),
pigs and humans. The presented model has one disease free equilibrium (DFE) and three
endemic equilibria (EE). The next generation matrix method is employed to compute the
basic reproduction number of the model R,. The calculations give three partial basic
reproduction numbers, maximum of the three partial basic reproduction numbers is taken
as the basic reproduction number of the model. The global stability of the DFE when R <1
is proved using a suitable Lyapunov function. The graph theoretic method is utilized to show
the global stability of the three EE under certain conditions on the parameters that affect the
basic reproduction numbers.
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1. Introduction

Nipah virus (Niv) is a highly virulent zoonotic virus. It was initially
discovered in September 1998 during an upsurge of acute feverish illness
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with encephalitis among pig farmers in Malaysia [3, 6, 23, 30].
Simultaneously, local pigs were distressed with conspicuous respiratory
and nervous disease [6, 9]. Subsequently, other outbreaks of Niv have been
reported from India, Bangladesh and Singapore. In 2001, 66 human cases
of encephalitis occurred in India, with around 74% fatal cases [6]. Another
outbreak in India occurred in 2007, with five cases which were all fatal [6].
On 19 May 2018, an outbreak of Niv in India was reported to WHO, as of
1 June 2018, there were 18 confirmed cases and 17 deaths. Bangladesh has
experienced outbreaks nearly every year between 2001 and 2014 [6].

Nipah virus is considered to be non-pathogenic in its natural hosts
(fruit bats) [6]. The most predominant route is indirect. Pig farmers at
times plant fruit trees in close proximity to pig sties in order to provide
shade for pigs. The bats are attracted by fruits and leave behind samples of
Niv as they chew on fruits [8]. The infection is then passed to pigs and pig
farmers. Other pigs can get infection from infected pigs, humans may get
infected after contact with infected pigs, bats, or humans [1, 30]. Moreover,
ingesting fruits or fruit products mixed with urine or saliva from infected
fruit bats is another route of infection for humans [9]. In humans, after
exposure and an incubation period of 4 to 14 days, illness manifests with
3-14 days of fever, cough, and headache, accompanied by doziness and
mental confusion. These signs and symptoms can progress to coma within
24-48 hours, and ultimately death in severe case. Some patients experienced
respiratory illness during the early part of the infection, and half of the
patients showing serious neurological signs showed also pulmonary signs
[6,9, 15,23, 30]. Time from onset of symptoms to death in fatal cases was
approximately 16 days [6]. Most people who recover from Niv make a full
recovery, however, a small portion of patients who recover subsequently
relapse. The virus is highly contagious in pigs. Pigs can spread the virus
without exhibiting symptoms. Niv disease manifestation in pigs include
neurological and respiratory diseases, following an incubation of 4 to 14
days [6, 9].

There is no certified vaccine or treatment for human use. Prevention
strategies include early implementation of effective quarantines and
control of animal movements, discouraging planting of fruit trees on or in
the neighbourhood of pig farms, boiling freshly collected date palm juice,
and properly washing and peeling fruits before eating [6].

Mathematical modelling has become a valuable tool in the analysis of
dynamics of infectious diseases, providing useful insights concerning
transmission patterns and detection of parameters to mitigate infectious
diseases. Well-parametrized mathematical models enable us to guess the
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state and advancement of an outbreak from known information,
experiment on sorts of viable control plans and their effectiveness virtually
before implementing.

Various studies on pathology and epidemiology of Niv have been
conducted, several mathematical models have been presented as follows;
in [31], authors proposed an SIRD model to examine the aftermath of
exposed contact with dead bodies of infected individuals prior to burial or
cremation and their disposal rate on the dynamics of Nipah virus infection.
The most favourable use of control plans to ease the spread of Nipah virus
using optimal control technique is studied in [27]. SEI model with
interactions between bat and human populations is presented in [22] to
research the communication of Nipah virus. In [17], authors presented
SEITR model to study the transmission of Nipah virus in human
population. In [5], authors studied a pig-human Nipah model to
understand the disease spillover from pigs to humans. In [25], SEIR and
SEIRV models are presented to analyse the effect of a vaccine in prevention
and recovery from Nipah virus in humans and animals. To study the
dynamics of Niv, compartmental model considering bat and human
populationsis presented in [21]. Associated studies include the susceptible-
infected type mathematical model for HIV/AIDS presented in [18], and
Nigeria case study of mathematical modelling of COVID-19 pandemic
disease with some non-pharmaceutical interventions presented in [16].
Other closely related studies are presented in [4, 13, 19, 28].

There are several Nipah models in the literature, some consider the
transmission of Niv in human population only, very few consider
transmission in bat and human population. Most of these models, if not
all, only consider the direct transmission route of Niv. As mentioned in the
literature, the most predominant route for the transmission of Nipah virus
is indirect, pigs and humans get the infection mostly from consuming
contaminated fruits. We wish to enhance the existing literature by
proposing a deterministic model that considers three population species,
the fruit bats (natural hosts of Niv), the pigs, and the humans. Most
importantly, our model will take into account the indirect transmission
route inboth pigs and humans. We intend to present rigorous mathematical
analysis of the model that will give insightful understanding of the
conditions under which the infection will persist in any of the population
species considered.

Henceforth, the structure of the paper is as follows: In section 2, we
put together the mathematical model and find the steady states. In section
3, we compute the basic reproduction number and present the stability
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analysis of the steady states. In section 4, we present the numerical
simulation of the results, and section 5 is discussion and concluding
remarks.

2. Mathematical modelling

We employ ordinary differential equations to formulate the
mathematical model for the transmission of Nipah virus.

2.1 Model formulation

The model consists of eight compartments; susceptible bats, pigs and
humans (5,5, and S, respectively), exposed humans (E,), infectious
bats, pigs and humans (I,,I, and I,, respectively), and the B compartment
representing the concentration of virus on the environment. We do not
have exposed class in pigs and bats because pigs are infectious even
without showing any symptoms, and bats are natural hosts and do not
exhibit any signs of infection during the infectious state. The total
populations of bats, pigs and humans are N, (t) = S,(t) + I,(t), Np(t) =
Sp(t) + Ip(t), and N, (t) = S,(t) + E,(t) + I,(t) respectively.

The bat natural death rate is u, and the bat recruitment rate is A,.
The effective contact rate of susceptible bats with infectious bats is f3,,.

The rates at which infectious bats shed virus on the environment is
g,. The rate at which virus is eliminated from the environment through
sanitation, loss of virulence or sterilisation is 6.

The pig death rate (death due to reason not related to the infection) is
u, and the pig recruitment rate is A . The rate at which pigs die due to
the disease is I' , the rate at which susceptible pigs become infectious
through direct contact with infectious pigs is B,, and the rate at which
susceptible pigs become infectious through ingesting virus from the
environment is 7 .

The human natural death rate is g, and the human recruitment rate
is A,. The rate at which humans die due to the disease is T',, the rates at
which susceptible humans become exposed due to direct contact with
infectious pigs and humans are ﬂph and B, , respectively. The rate at
which susceptible humans become exposed through ingesting virus from
the environment is 7,, and the rate at which exposed humans become
infectious is 7.
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Following the above discussion, our mathematical model describing
the transmission dynamics of Nipah virus in bats, pigs and humans
population is presented as

=By N RS, @)
‘% ﬂbbSblb K1, (2.2)
= p—ﬁppi’;i— s, (2.3)
%=ﬁpp%+ T, (T, ), (24)
=N B, Iizs B T g IS, (2.5)
=B, Iifs B S”I" T, BBf”,( —(y+u,)E,, (2.6)
Oh = yE, - (u, +F,,)Ih, 2.7)
‘jl—l: =¢,l, -0B, (2.8)

with non-negative initial condition
(5,(0),1,(0),5,(0),1,(0),5,(0), E,(0), 1,(0), B(0))
=Sy 1,0, S0 107 S0 s Engr Lo s By)- (2.9)
The domain of our model is defined as the invariant set

Qz{(shllh/ /Sh/ B)ERS |N (t)<2Ab N (t)<

A A A A A A
Py PN ()< Dy Bhog L and B< &0 |,

By o Tptay BTy vy (AT ) () Sty

2.2 Well-posedness of the model
We show that our model can be used to deal with real life outbreaks.

Theorem 2.1: System (2.1)-(2.8), with non-negative initial conditions (2.9) has
a unique solution that is non-negative and bounded in Q.

Proof: Existence and uniqueness of solution: The right sides of equations
(2.1)-(2.8) are continuously differentiable functions of the respective state
variables, thus they are locally Lipschitz continuous. Hence there exists
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a unique solution for system (2.1)-(2.8) defined in some time interval
containing the initial time ¢ =0.

Non-negativity of solution: We note that we start with non-negative
initial conditions. Let ¢, be the smallest time for which any of the state
variables is zero. When S, (t,)=0, from (2.1), we get S, =A, >0. This
means that S, (t) is an increasing function in some interval containing ¢,
hence S, (t)>0 in the neighbourhood of t,.

When [ (t))=0, from (22), I,=0. This means that in the
neighbourhood of ¢/, I,(t), stays at zero, thus it is never negative. From
(2.8), when B(t,)=0, B'=¢,1, >0, so in the neighbourhood of ¢, B(t) is
zero. From (2.3), when S,(t,)=0, S; A, > 0, thus in the nelghbourhood
of £, S,(t)>0. In the same manner, it can be shown from (2.4), (2.5), (2.6)
and (2.7) that if Ip(t0)=0, S,(t,))=0, E,(t,)=0 or I,(t))=0, then I; >0,
S, >0, E, >0 or I, >0, thus in the neighbourhood of f, Ip, S,, E, and
I, are non negative functions.

Boundedness of solution' At equilibrium, equation (2.1) can be

writtenas A, —u,S, = . Since S, and I, are non-negative, it follows

bb N
that A, - u,5, >0 A” > S,. Adding equations (2.1) and (2.2), we also get
I < ﬂ. At equ111br1um equatlon (2.3) can be rearranged as A —u, S =

S B

ﬁW SI(]” +T, 052 0, thus S Addlng equations (2.3) and (2.4) at

equ1hbr1um it can be shown that I < u Slmllarly from (2.5), we get
S, <", and adding (2.5) and (2.7), we get I, <. From equation (2.6) and

(u,x+l“ )A gA,
(2.8) respectwely, we get E, <= and B< ;T;

2.3 Finding the disease free equilibrium

To find the steady states, we equate equations (2.1)-(2.8) to zero and
solve for the state variables. From (2.2), we get

Npolp
S, = by (2.10)

or
I =0.

b

When [, =0, from (2.1), S, = ':T: and from (2.8), we get B=0.
Substituting B=0 into (2.4), we get I =0 or
— (#p+rp)NpO
r BPP

S (2.11)
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When [ =0, from (2.3), we get S = % Solving for E, and
substituting into (2.6), we get I, =0 or '
S, = (1 +¥) (i +T1)No (2.12)

YBun
When I, =0, from (2.5), we get S, = %" Therefore the DFE is X, =
S, 1,,S, 1,85, E, I, B) = %,o,%:,o,%x,o,o,o .
We leave equations (2.10), (2.11) and (2.12) for further exploration at

a later stage, for now, we proceed to calculate the basic reproduction
number of the model.

3. Stability analysis

Theorem 3.1: The basic reproduction number of the model R, = p(FV™') =
max{R , R,, R,} where

R = % (3.1)

represents the basic reproduction number in bat population,
ﬁ rr

2 uptT

(3.2)

represents the basic reproduction number in pig population, and

_ VB
R3 T () (i) (3.3)

represents the basic reproduction number in human population.

Proof: See Appendix A

3.1 Stability of DFE

3.1.1 Local stability of DFE

Theorem 3.2: The DFE E = %, 0, %, 0, %,0,0,0 is locally asymptotically stable
b 4 h

if R, <1, and unstable if R >1.

Proof: See proof of Theorem 2 of [29]
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3.1.2 Global stability of DFE

Theorem 3.3: When R, <1, thedisease free equilibrium is globally asymptotically
stable in Q.

Proof: We use matrix-theoretic method to prove global stability of the
DFE, see [24] for more details. Multiplying matrix F with the inverse of
matrix V as given in (A.1) and (A.2) respectively, and then substituting
(A.3), (A4) and (A.5), we get

R, 0 0 0O 0
0 R, 0 _ WAy
Mk (p+7p)
V’lF _ 0 ﬁphAh#p 0 ﬁhh Th/,Lh
- HpAp (Y +1ty) Y+t Mk (Y+1y,)
WynAnkty YAy
A (7 + 1) (1 + L) P R (y )y +T)
&Ry
B 0 0 0 0 |

We note that the digraph of V™'F is not strongly connected, thus
V'F is reducible.

Let W' =(w,, w,, w,, w,, w;) be the left eigenvector of V'F
corresponding to R, then

(w,,w,,w,,w,,w)V'F=R (w,,w,,w,,w,,w,)

A, w Apu,w
w]R]+£bR1w5,w2R2+ BonAnktpws Wpn Aty 0y 0, Bunws +w,R,,
5 Ay (Y1) Ay () (v +,)" " v+

T,A, W,
php®2 Ty vTNRoWs =R, (w,,w,,w,,w,,0,)
M+ ) i (y+pty) - K (y+T )y +1)

This means that we have the following system of equations:

wR, + gbngs =R,w, (34)
:B hAh.u w3 ]/ﬁ hAh,u Wy
R P 4 P 4 _ .
Wl * /JhAp(}“r,u;,) /J;,Ap(,uh +)(y+uy,) oW, (3 5)
0="R,w, (3.6)
% +w,Ry =Ryw, (3.7)
i, TR g, (3.8)

(W +Tp K gk (y+ity) ik (y+ ) (r+ay) 0
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From (3.6), w,=0. Substituting w, into equations (3.5), (3.7) and
(3.8), we get

%BphAh Hpwy

R 4 Tphmpa ‘

wz 2 + ,Up,Ap(,u;,+l—‘h)(y+,uh) Rowz (3 9)
w,R, =Rw, (3.10)

TpApta Yo Apwy _ 1
My +T )i ke (g +T ) (v +1y) Ryws (3.11)

From (3.10), either w, =0 or R, =R,

Case 1: When w, =0
From (3.9), we get
w,(R,—R,)=0, which means that either w, =0 or R, =R,.

Case 1.1: When w, =0
From (3.11), we get w, =0. Then from (3.4), we get w,(R, — R)=0,
which means that either w, =0 or R =R,.

Case 1.1.1: When w, =0
We have the trivial eigenvector WOT =(0,0,0,0,0).

Case 1.1.2: When R =R,

From (3.11), w, =0. Then from (3.4), we get w,(R, — R) = Ow, -0 =
0. So w, can be taken as any number, for simplicity, we take w, =1. We
note that taking w, =0 gives the trivial solution. Therefore in this case, we
have the left eigenvector as WlT =(1,0,0,0,0).

Case 1.2: When R =R,
From (3.9), we have w, -0=0. Choosing w, =1, from (3.11), we get
_ Ty
w5 #pRZK(#p+Fp) !
and from (3.4), we get
_ Sle‘[pAp
1 #p‘sRZK(.up"'rp)(RZ_Rl) )

w

In this case, we have the left eigenvector as

T _ eRi7, A, 0 A
2 #p‘stK(#erFp)(Rz*Rﬁ’ T ,ﬂpRzK(#erFp)
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Case 2: When R, =R,
From (3.10), we get w, -0=0. Taking w, =1, from (3.9), we get

_ wphAh:up
2 Ay (i + )y + 1) Ry —Ry) |

From (3.11), we get

w _L prﬁphAh + YAy
5 Ry | sy (p+Tp ) (y+Tp) v+, ) (Rg=Ra) e (py+T ) (v +ay,) |

then from (3.4), we get

w. = &k Ty 1Bpnn " Yo Ap )
b OR3(R3=Ry) | wy (1 +T )6 (g + T3 )y + 15 M(R3=Ra)  payie (g + T )y +14)

Thus in this case, we have the left eigenvalue as

WT — 81,R1 .A, Yﬂph/\h.up ,0,1,./4
3 [5(R3—R1) M (g +T3) (7 + 4, ) (R3 =Rp )

where

_1 TpWBpn i " Iy
Ry | pn Gy +T ) (g +T ) (v +1 ) (R —Ro) ke (g +T 1) (v +14p)

We note that for all the non-trivial eigenvectors, all the components
are non-negative, and at least one of the components is positive. The left
eigenvector W' can be considered as W, W, or W;'.

We now consider the function

Q=W"V'x
_| W EpWs (%) YWy Wy Ws
=| L4255\ + I + E + I +=B.
[yb WSJ Pl P () Ty) Tt Dy 8

Whose derivative along the trajectories of the system is
Q' =(R,-1)W'x-W'V'f, (3.12)

where
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f=(F-Vx-F+V
Ak 15

B 1[1—55}4~rB{AP—5%]
P N P\ mpk K+B

po

ﬁp’llp - — Sh Ah _ Sh
Ny (NhO Sh)+ﬁhh1h[1 Nih() +ThB m -5
0
0

It can be shown that
wTy! f

R 5 A S | m
_[#b+#b5][1 NbOJﬁbebJ{BPPIP{l Np0]+rpB{upK "z up+Fp+

Bpnlp B S, Ay S wyy
|:Np0 (Nho Sh)+ﬁhhlh [1 Ny +ThB WK Kk+B (7+ﬂh)(ﬂh+rh)20.

Since W'V f is non-negative and the first term of (3.12) is non-
positive when R <1, Q"<0 when R <1. Which means that Q is a non-
increasing function along the trajectories of the system when R <1, hence
it is the Lyapunov function of the system when R <1.

We recall that we have three possibilities of Q, where W' =W/,
W' =W, or W'=W]. However, by LaSalle’s invariance principle
[14], the DFE E, will be globally asymptotically stable if the following
conditions are met:

1. Q=0 for X=E  and Q>0 forall X#E;

2. Q'<0 for all X#E, and that {X in the domain of the system
:Q'=0}={E,}

Looking at the first condition, Q is obviously non-negative. For it to
be zero, each term of Q must be zero. That is

Wy W\ 3.13
[#b+#b5J b ( )
w:
%ﬁ}5=0 (3.14)
i E =0 (3.15)

(y+up )y +Ty) H
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w.
e 1 =0 (3.16)
%B =0 (3.17)

For Q to be zero only at the DFE, From (3.13), we must have at least
one of w, and w, as non-zero, so that we are sure that the factor that
makes the left side of (3.13) zero is I,. All three options W, W, and W,
satisfy this condition. Moving on to equation (3.14), w, must be non-zero
so that we have I =0. This condition is only satlsfled by W) and W/,
since the second component of W/ is zero. So, we are now left with two
options for W', W, or W'. Next we look at equations (3.15) and (3.16)
and realise that w, must be non-zero so that we have E, =0 and I, =0.
Since the fourth component of WZT is zero, we are only left with W3T as a
possible choice for W'. Lastly, from equation (3.17), w, must be non-zero
so that we have B=0. This last condition is also met by W,", therefore the
left eigenvector that we need is W' =W,". We recall that W' =W, implies
that R, =R,.

Now that we know that Q= W3TV‘1x, and that the first condition of
the LaSalle’s invariance principle is satisfied, we look at the second
condition for the global stability of the DFE. That is, we want to show that
the DFE is the only point in the domain of system where Q'=0. When
Q'=0, we have that

Wy, &ws |1 S _ S M S ||
[ﬂb+ﬂb5J(1 Nbo]ﬁhble{ﬁ”pI”[l p0]+TB['uPK K+B]:|“P+FP+
o s 153 s 2

wyk  K+B ) | (v +Ty)
=R, -D(w,I, +w,I +w,I, +w,B)

Since R, <1, we have
Wy &Ws |1 S _ % My S ||
[/Jb - pd ][1 Nipo ]ﬁbblb * [ﬁmﬂlﬁ [1 Npo ] *T B[/JPK' K+B]:| HptTy +

ﬂphIp _ 5 Ay 5 wyy <
[ W=+ Bl (13 Bl 3 i <0
Note that each term on the left-hand side is non-negative, thus the
left-hand side can never be negative, but it can be zero provided that each
term on the left-hand side is zero. Thus we have the following system of
equations:
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(%+ o ][1‘%:0]%% =0 (3.18)

Pl [1‘15] e, =0 (3.19)

Tﬁ[&‘:ﬁ;] i, =0 (3.20)

ﬁ@?f (Nio =50+ Pul, [1_%] - ThB(;/L\TI;«_ Kslgﬂwﬁfwm =0 (321

In equation (3.18), since we are now sure that wh = W3T , W, and W,
are non-zero. Which means that either S, = N,, or I, =0, which of
course yield the same result, thatis S, = N,, and I, = 0, using equations
(2.1) and (2.2) and the fact that N,, =S, +1,.

From equation (3.19), w, is non-zero, which means that / = 0 or
S, =N, Using equations (2.4) and (2.3), and that N, =S5, +1,, the
two cases give the same result, that S, =N, and [, =0.

From (3.20), after substituting for S, we get that either B=0 or

A, N
—r —_1 1=0. From both cases, we get that B=0.
My K+B

From (3.21), after substituting I =0 and B=0, and recalling that
w, is non-zero, we get that either I, =0 or S5, =N, . In either case, using
equations (2.5), (2.6), (2.7) and that N, =S, + E, + I,, we get that
I,=E,=0 and S, =N,,. Meaning that the DFE is the only stationary
point in the domain of the system, such that Q" =0. Therefore, by LaSalle’s
invariance principle, the DFE is globally asymptotically stable when
R,<1.

3.2 Stability of Endemic equilibria

We now go back to exploring equations (2.10), (2.11) and (2.12) to find
our endemic equilibria and study their stability.
From equation (2.12)

S = MtV +TiNyo _ Nig
I B R3

Substituting S,,B and I, into (2.5) we get

A . A N,
= h [M_M] >0 since 2> tho — Sh'
nRs \ py, Rg My Ry

Therefore, we have an endemic equilibrium given by
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A b
EE, = [Ab, 0,22,0,Nu0 WtTln 1 (3.22)
Hp :up 3 Y
. _ W TN, Ny - .
From equation (2.11), §, =—'p—" =32, Substituting S, and B into
(2.3), we get "
. A, (A, N A, N
Izzip Zp_ 0 >0 since J>7PO=S
P2 Ropty |, Ry My Ry 7

NjyoN oo (1 +7 )y, +T)1,,
YN Bl +BNiol,2)

Substituting I ,B and E, into (2.6), we get 5, =
Substituting S, ,B and IP into (2.5), we get the quadratic

al; +bl, +c=0,

where
+
a= _ﬁthpo(uuh + rh) ! y‘uh <0
b Npo (7+u)(n+T5) Ay (ﬂ—MJ—M
14 My R Y
c= AhﬂphIpZNh()
Solving the quadratic we get I, = @

Since a<0, I, will be non-negative if b+ vb*~4ac <0.

When —b++b*—4ac <0
= NB? —dac<b=b>0
= b? —dac <b*

= —4ac <0 which is not the case since ac <0.

—b—+b* —4ac <0 when ever b>0
When b <0, we have
b* < b* —4dac
= 0 <—4 ac which is true.

* —b-b*-4 * NyoN o (8, +7) (1, + )1,
Therefore, I, ="""",,and §,, =~ —— " Hence we have
12 2a YNy oBudia+BuNiol )

and endemic equilibrium given by



MATHEMATICAL MODELLING OF THE SPREAD OF NIPAH VIRUS 1467

A NO * * +I" I* *
EEZ = [?:/O/TZ/IpZIShZIWIIhZ/OJ-
When S, =NRL1°, from (2.1), we get I, =1, = % - NRLI“ >0. From

equation (2.8), we get B = B; = S”f% Substituting B into (2.4), we get Sp =
Npo(ﬂ;’+rp)(K+B;)In

ﬂv;r(K+B3 )Ipﬁ-ﬂ:proB3

Substituting B and S, into (2.3), we get al> + bl + c,
P P P

where
a, = 28, (u,+T,) (k+B;) <0, b = AB, (x+B) - 27BN
(u,+T), ¢, =A N 7, B, > 0.
Since a, <0,c, >1 and we are not sure about the sign of b,, the same

. * ~b,—\b}-4 .
analysis as done above can be used to conclude that I ;= =7, ™", with
1

a,b and c taken as a,,b, and ¢, respectively. Substituting I ,B and E,
into (2.6), we get

B N poNzyo (v -+t )y + T ) +B3)1
" 1B o (+B3)1 + 783NN o+ B L3 Nigg (+B3)]

Substituting B,S, and Ip into (2.5), we get a,I ]f +b,I, +c, =0, where
_ Bl m) TNy (6+B5)
14
_ ey )T +B)NNo [ 1,87 Bulys
b, = ANy (< + By) Y [K+B; " Npo+
hThB;NpONhO + ﬂth;S (K + B; )NhO >0

0

2

c,=A

In the same way, here we have a, <0,c, >0 and we do not know the
* —b, b2 ~4ayc
sign of b,, thus we can make the same conclusion that I , = g

2a,
Thus
N, * * * . N x & I*
EE, =30, F, Sy, B Sis i i 22
1

Where S, = Nty !T) B,
=,
P ﬁpp(K+B3)lp3+rprgB3

S = N poNo (7 +4 )y +T ) +B3) T3 E - (U +T ) I3
- * * * * * 7 -
"3 YIBuN o (k+B3) 5+ T4B3NjoN o+ Bynl s Nyo (k+B3)] " 14
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3.2.1 Local stability of endemic equilibria

Lemma 3.4 (Routh Hurwitz criterion). [11] The requirement for the
polynomial s> + as® + bs + c=0 to have negative real roots or complex roots
with negative real parts is that

(@) a>0
(b) ab—c>0, and
(¢) c>0

Theorem 3.5: The endemic EE,, where the infection is present in human
population only, is locally stable when R, <1,R, <1 and R, >1 and is unstable
when R >1 or R, >1

Proof: From the characteristic equation |],,, —el,|=0, where ], is the
Jacobian matrix evaluated at EE,, we get

(41, ~)(B,, ~ 1, €)1, )-8 ~€)(B,, ~(u +T ) -)=0  (3.23)

or
e’ +ae’+be+c, =0, (3.24)
where
_ Bulin _ Binlin _ Winl
al_ThO+3uh+y+Fh, bl_(l“h+y+2uh)[Tho+uh], O = RNy

From (3.23), all the other eigenvalues are negative. For factors
(B,,—m,—e) and (ﬁpp - (,up +Fp) —e), the eigenvalues are negative
provided that R, <1 and R, <1, respectively.

Wenotefrom (3.24)that a, >0 and ¢, >0. Werecallthat R, = %
It can be shown that

| Bl BT _ Wil
ab —c = [Tm+3uh+y+l“h}(l“h +y+ Zuh)[ThOﬂlh] RN

Bl B (r+a)(Tpy)
> Njo (:uh + 7)(F;, + .u'h) N—ho =0
Therefore using lemma 3.4, and the result that the disease-free EE, is
globally stable when R, <1, and unstable when R, >1, we conclude that
EE, is locally stable when R <1, R, <1 and R, >1.
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Theorem 3.6: The endemic equilibrium EE,, where the disease is present in
pig and human population only, is locally stable when R, >1 and R <1, and is
unstable when R, >1.

Proof: From the characteristic equation |[],., —el,|=0, using cofactor
expansion, we get

(—‘L[b - e)(ﬂbb - :ub - e)(_a - E) = O (325)
or
e’ +a,e’ +be+c, =0, (3.26)
where
Budia Byl
a,= xhgz + Z’i]pzz +3u, +y+T,
_{ Budna . Bonlpe P
bz - [;!\}]’hgz"'%"_th(y_’_zﬂh +Fh)+('}/+‘uh)(‘uh +rh) Tho
Ly Bl WS
¢,= [ﬁyghgz R +uh](y ), T, - e,
or
2 ﬁppl;z ﬁbbl;z _
e +[Npo+,up]e + NpoRs 0 (3.27)
We recall that

o NiugNpo(r+)(ty+T)Iz

12 * *
' Y(NpoBynIn2+BpnNnolp2)

Nj,oN + +T))I,
< Nio po(y .uh)(lth ) na (3.28)
YNpoBunln2

= Nuo+) (1, +T)
Bun

We note from (3.26) that a, >0 and that

_{ Bz , Bonlpe  mBuSiz
¢ [ N TNy, THE L ) e

N  Npo WinNno

S [W+/W+#h](y ‘u, )(‘uh +T, )— W5, B Nio v+ 1) (g, +T ) by (328)
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= | Buliz . Py 2 by |y + ), + 1)) =, (v + 1, )(w, +T,)
Npo NpO
>u, (y+u,)(w, +T,) =, (v + ) (1, +T,)=0.
Also

ab,—c,=(u, +T,)

[ﬁh”’;'z + Bz +uh](y +2u, +T)+ (7 + ), +T,)—
Nyo NpO ' ' '

BunSnz | _| | Bulnz Byilya _ 1BuSio
Njo } H Npo i Nyo +uh](7/+'u”)('uh+rh) Nyo }

>, + ]"h)|:[ﬁ;1\i;1;2 +L;l;lp2 +,Uh](y +2u, +T, ):| - (3.28)
ho p0

Bunlna . Bonlp2 MBSz .
[[ Z/\;;hngr ;’\[V +1, ](7+/~‘;1)(”h+rh) Ny } using

N WnBinSna >0
Nio
Thus by lemma 3.4, all eigenvalues obtained from (3.26) are either
real and negative, or complex with negative real parts.
From (3.27), using Descartes’ rule of signs, we do not have positive
real roots and we have at most two negative real roots. In the case where
we have no real roots, the real parts of both complex roots are both equal

ﬁvplﬂ

to — +U ] hence they are negative.

Therefore, when R, >1 and R, <1, EE, islocally stable.

Theorem 3.7: The endemic equilibrium EE,, where the disease is present in all
the three populations, is locally stable when R, >1 and is unstable when R <1.

Proof: From the characteristic equation |],., —el,|=0, using cofactor
expansion, we get

2 +(/,Lh+ﬁll’\,h7£3]e+uj =0 (3.29)

or

2 ﬁr’nl;’c‘ TPB; PrpS P3 Bulps P3 BB _ ﬁnns;3 _
e+ + P, N +d, e+d N, ypro—O(&BO)

Ny K+Bj po po K+B3

or

e’ +a,e’ +be+c, =0, (3.31)
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where

I 7,85 Byl
= Bulns nBs | P s

a
8 Nw  k+B; Npo

+3u, +y+T,

Ny k+B; 0

b, - [ﬁhhfh3+ 0l il ](wzuh FT) 4, +T,)(r + ) -y P

c _{ﬁ;:\?IhS_‘_ ThBi+ﬁpil 3 +ﬂh](.u;, +T, )y +1,) - w, s ﬁmzshs
o K+Bj Npo

For (3.29), making similar analysis as we did for (3.27), we can deduce
that all roots have negative real parts. Similarly, for (3.30), as soon as we
have shown that the coefficient of e and the constant term are positive, the
same analysis and conclusion can be made as we did for (3.27). We proceed
as follows to show that the mentioned coefficients in (3.00) are indeed
positive. We recall that

- d,No (K+B3)1 5
r3 ﬁpp(K+B;)l;3+1pr0B;
d,No(k+B3)L,5
Byp (k- +B3)],3
d,N
= (3.23)
ﬁpp
Looking at the coefficient of e in (3.30)
Plys | P +,u P’ ”3+d [ Pl , 5B +/.Lp d+d,| using
NpO K+ Np ro K+
ﬁ””l;’3+ P >0
Npo  x+By 7
For the constant coefficient in (3.30)
Bylps | 7B BypSp3 Byplps .
d |~y Py, - ”””>d W’”+”+ d,  usin
P{ NPO K-JrB; ,Llp] ,Llp N NpO 'up ’up [4 8 (332)
>d,u, —p,d,=0
For equation (3.31), a, >0. We recall that
< _ (r+14) (T3 )N N o (+B3) 5
" V[ﬁthpo(K+B;)1;13+ThB;NhoNp0+ﬁph1;3Nho(K+B;)]
(Y+#h)(#h+rh)NhoNpo(K+B3)1h3 (3.33)

WBunNpo (x+B3)13
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_ (r+uy) (e, +T3)Nyg
Bun

BuSis

Bulis . B3, Bonlps
¢, = [ Neo Feem T Ny +uh](uh+F ) +1,) =, =

[’W’ﬁ 4Dy Pl ”3+uh](uh +T,)(y +1,) = 1, ( + 11, (4, +T,) using

Ny x+By  Npo '

>,Llh(‘Llh +rh)(7+,uh)_ﬂh(7+.uh)(ﬂh +rh):O (333)
BunSh

_ Bunlia , B3, Ponlps
ab, =Cy>(y + 4, )H Mg Fream T Ny TR J(V+2u,,+Fh)+(uh+F )y +a) -y = }

([ﬁhh1h3+ 7B +ﬁz1 P3+‘u ](,uh +T )y +1,) -1, ﬁhhsh3J

Npp  x+B; 0

Budis , B3, Bnlys ;
>(y +/,th)H Ny, + -k s +Pe Nyo + 1, ](y +2u, +Fh)} using

([ﬁhh1h3+ B3 +ﬁ;l; 3 +‘th(ﬂh +T,)(y +1,) -, ﬁhh5h3]

Ny x+B; 0
>, ﬁ?\l;shs -0 (3.33)

Using Lemma 3.4, the roots of (3.31) also have negative real parts.
Therefore when R, >1, EE; is locally stable.
3.2.2 Global stability of endemic equilibria
Theorem 3.8: The endemic equilibrium EE, is globally stable when R,>1,
R,<1and R <1.

Proof: Equation (2.2) can be rearranged as follows
VI _ BwS _q

My Iy UpNy
11, RS
= Fbiﬁff‘l
= g L n(1,) = Rlsb
= i dtln([ )<R -1 since %<1

1
= o Ioaln(lb)dt < jO(R1 —1)dt
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= iln[fb f>] (R, 1)t
Hy 1,(0)
1
= [M]”b <M
1,(0)
= I,(t)<I,0)" "™
= lim7,(H) <1, (O)ltim S 50 when R <1

Since I, is bounded below by zero, we can conclude that the
hyperplane I, =0 attracts all solutions of our model when R, <1.
On the hyperplane I, =0, equation (2.8) becomes

B'=-0B
o
P

d t
S In(B)dt = jo —5dt

In [@J =0t
B(0)

lim B(t) = B(O)ltime"“ =0

Hence on the subspace defined by I, =0, the hyperplane B=0
attracts all solutions of the model.

We have established that I, =0 and B=0 are attractors when R, <1.
In this space, equation (2.4) becomes

ﬁPP

I' = dI
P Np
11, _ RS,
= B Fr=""7rT_1
nndp v N,
1 d st
= 4 )=y
= ENLS| In(I )<R, -1 since 5 <1
d, dt P 2 N

1 t
= '[Oﬁln(lp)dt < IO(R2 —1)dt

1. (I,
= dln[I (O)} <(R, -1}t

p

1
N I, () d, <€(R2—l)f
1,(0)
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d_(Ry-Dt
= L(t)<I,(0)e F

d (Ry-Dt

= ltimlp(t)<lp(0)ltime b -0 when R, <1

Therefore when R, <1 and R, <1, the hyperplanes I, =0, B=0 and
I , = 0 are attractors. In this subspace, our model reduces to

Suly

S =N, =By N N — 1,5,
S
=B %=+ )E, (3.34)
h =YE, _dhlh

For this model, we now use the Graph theoretic method described in
[24] to prove the global stability of EE,
Consider the functions

* o 1a Sk E; _ e e
D,=5,=§-SIngt,  D,=E,~E-Elnt,  Dy=l,~I It

E,’ Iy

Differentiating along the trajectories of model (3.34), we get
i
[s,, Sh](ﬁhh Sily B, e b, hj
= —p, S ;fh) + [1—%}[[% %‘ﬂhh%}

I
< ﬁhh Sh h Ih e Suln 1 Sl =a,G,,
I Sl Sill

Similarly, it can be shown that

D = E;, Eh Er
2 Eh

<B Suli [Shlh N PP < Y EhJ
= P
Suly Sily En Ey

=a,G

A a3 B4

and

D = I-I, I
Ih f
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<YE, L/ PN T T P
Ej E, Iy Iy

=a,.G

327327

— — Sili *
where a,=a, =3, N and a,, =YE,.

a1y

Figure 1
Digraph associated with model (3.34)

The associated weighted digraph has three vertices and one cycle (see
Figure 1), along which G,, + G,, + G,, = 0. Therefore, by Theorem 3.5 of
[24], there exist c,,c, and c, such that the function D = ¢,D1 + ¢,D, +
c,D, is a Lyapunov function for model 3.34 that can be used to prove
global stability of EE, when R, >1,R, <1 and R, <1.

Theorem 3.9: The endemic equilibrium EE, is globally stable when R, >1 and
R <1

Proof: When R, <1, the hyperplanes I, =0 and B=0 are still attractors
and our initial model in this case reduces to .

" _ Splp
Sp =A _ﬁppi_ﬂpsp

I' = dI

4 PPN

, Syl BunlpS
Sh_A ﬁhh o _WTZ}[_#hSh (3.35)

' 5,1, Bonl
E, th ol +7P’ : " (v +1,)E,

h

I}L =7YE, _dhlh

For this model, we again use the Graph theoretic method to prove
global stability of EE, when R, <1 and R, >1. Consider functions D, =
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S-S -SIng, D=1~ -In}t D=5-5-51In3+E -

E, -E, In & ﬁ’ and D,=1-1 -1 ln f Differentiating along the
trajectories of model (3.35), it can be shown that we get
55 g S,L I, S,I S,
D; = [ 5 ] <ﬂp,, N, [ PInP-_"FPiIn f’j] a,,G,,,
Iy

4 L Sy plp

, Syl Spl, 1
D2 1 <p PP _InZPP_Pyln Lt —a21G21,
I, ”” Np S,I, Sl I

IV r
D =S -5, S+ E,—Ep E
3 Slz Eh h

< ﬁhh shlh Ih 1 Ih Eh +1n Eh BphI Sh 75; 11’1 Il— &+lnE—i’
I, I, E, E) Ny 1, Ey

=a,G., +a,G

34734 327327

and

D, = [’h"hjl <yE [Eh—lnEh I +ln1’1}—a G

137437
E, E, I Iy

S, Ih _ ﬁP/II:’S/: _ *
ﬁhh s, N, and A= VEh

Figure 2

Digraph associated with model (3.35)

The associated digraph has four vertices and two cycles (See Figure
2), along which G, +G, =0 and G,, +G,, =0. Hence, by Theorem 3.5 of
24, there exist ¢ ,c,,c, and c, such that the function D = ¢ D1 + ¢,D, +
¢,D, + ¢,D, is a Lyapunov function for model 3.35 that can be used to
prove global stability of EE, when R, >1,R, >1 and R <1.
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Theorem 3.10: The endemic equilibrium EE, is globally stable when
R >1,R,>1and R, >1.

Proof: Now considering our initial model, we study the global stability of
EE, when R, >1, R,>1 and R >1.

Consider the following function
. «1 S . e T
D,=8,-S,-SIngt,  D,=I,=[~LInt,
v ot S N B'S, R
D,=S -8 -SIn2+] ~I' ~I'In+ 2% (B—B B 1n£),
[ S A B

8 I,  &ly(x+B")

D,=5,-S,-5;In% LAE,-E, “Emb +ﬂ(3 B-BInt )
E, &l (k+B ")

and

D5=Ih—I;—I;1n%

Differentiating along the trajectories of our model, it can be shown
that we get

D, = [ShSSb]S’ <B, S”Ib[I “In Shlb+lnsb1b]—a G

X N, L SL o ShL) 2

D= [Ib—lbjl, <p, S STy [Sblb n il b T J_u G
Iy

I SL s I amar

The quantity [Zf%i:—l} [1 - ’”BB ] will be useful for our next calculations,

K+

we now show that this quantity is non-positive.

B(x+B')_4 [1_ K+B ] _ | Bx+B) 4 { x+B _1J
B*(K+B) x+B" B*(K+B) k+B"

_ (Bx-B'x)(B-B)
B (x+B)(x+B") (3.36)
k(B-B")?
B’ (x+B)(x+B")

<0.

Differentiating the remaining functions along the trajectories of our
model, we get
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D= % g | bl |y WP (BB g
Sp P L )7 gl(kx+B ) B

7,B'S . I I
| e

B'(k+B) k4B L, L, L, I,

(3.36)

7,B'S, I I .
<P b nh Ty using
(k+B") I, I I, I,

=a,G

327327

D = S;,—S;, S + Eh—E;, E + TIZB*S;"I B-B B
¢ Sh " Eh f EbI;(K+B*) B

<B Shfh nle— B B |y BB S0 T g To_Enj1p Bn
il 1,1 I; E, E ) (x+B) 1,, I, EE

N * 4545 42742 43437
Ip Eh Eh

Sl [ 1 I
+B,, h”[f ~In2— Eh+1nEh]—a G, +a,G,, +a,G
F"

and

- - * 547547
I E, E, I, h
— Syl TVB‘S;’ — an,S;, — S’:I; _ 5;11/;
where a,=4a bb N, 7 732 B /T i 7 a3 ﬁph N,/ {145 ﬂhh N,
and a,, =YE,

Figure 3

Digraph associated with model our initial model

The digraph associated with our initial model has five vertices and
two cycles (see Figure 3), along which G,+G, =0 and G, +G,, =
Therefore, by Theorem 3.5 of [24], there exist c,c,,c,,c, and c, such that
the function D =¢D1 + ¢,D, + ¢,D, + ¢,D, + ¢,D, is a Lyapunov
function for our model that can be used to prove global stability of EE,
when R, >1, R, >1 and R, >1.
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4. Numerical simulations

The initial population of study is assumed to be 1000 humans, 214
pigs and 1000 bats. The incidence rate in bats is not known, but based on
observation, it is likely to be small [7], therefore it is assumed to be 0.0016.
Prevalence rate is less than 5% [12]. The bat to bat transmission rate is

calculated as fB, = e — 0006 — (.04. In the review of medical and

pathology records of ri‘gl{nﬁiving:tone’s fruit bat Pteropus (LFBS) between
1992 and 2017, 88 deaths were recorded [20]. Based on this the natural bat
death rate is estimated as p, = m ~ 0.021. Nipah virus can survive
up to three days in some fruit juices, and at least seven days in date pas
kept at 22°c [2]. The rate at which virus loses virulence is therefore

calculated as & = =0.143. Generally, fatality rate is low in pigs, except in

piglets. The fatali7ty rate can be high (40%) or low (<5%) [10]. We take
disease induced death rate in pigs as I', = 0.4. The case fatality in humans
rages from 9% to 100% [1], thus I', =0.95. The incubation period ranges
from 4 to 14 days, thus the rate at which exposed humans become infectious
is estimated as y=;=0.1. In the review of 122 Nipah patients in
Bangladesh, 7% of the patients to 62 other people (51%), who developed
illness after 5 to 15 days of close contact [26]. The person to person
transmission rate is estimated as f,, =¢> ~7.2. According to Trading
Economics, the death rate in South Asia was reported as 8.737% in 2021.
The death rate of humans is estimated as u, = 08737. The parameter value

used for simulations are presented in Table 1 below.

Table 1
Parameter values
Parameter Description Parameter value
A, bat recruitment rate 21 [assumed]
u, bat natural death rate 0.021 [20]
By, bat contact rate 0.04 [7,12]
o rate at which virus looses virulence 0.143 2]
K Michaelis Menten constant 0.000542 [assumed]
e, rate. at which bats shed virus on the 0.005 [Assumed]
environment
r, disease induced pig death rate 0.4 [10]

Contd...
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u, pig natural death rate 0.133 [assumed]

A, pig recruitment rate 60 [Assumed]

7, the rate at which pigs ingest virus | 0.001 [Assumed]
B, pigs contact rate 1.8 [Assumed]

B, pigs to human contact rate 0.001 [Assumed]
r, disease induced human death rate | 0.95 [1]

u, human natural death rate 0.08737 [calculated]
(|t opoed mans116.5,15,293
A, the human recruitment rate 87 [Assumed]
B, human to human contact rate 7.2 [26]

T, rate at which humans ingest virus | 0.00001 [Assumed]

With the above figures, the partial reproduction numbers are as
follows:

R ~19, R,~34, R,~37.

We have EE, below.

900 -

800

population

— Sbit)
Ib(t)

0 50 150 200 250
Time(in days)

100

Figure 4

300

350

The approximated equilibrium values are S, =540,I, =460 and R,=3.7>1




MATHEMATICAL MODELLING OF THE SPREAD OF NIPAH VIRUS

population

The approximated equilibrium valueis B=16.5 and R =3.7>1

population

The approximated equilibrium values are S, =65, =78 and R,=37>1
2 p

population

The approximated equilibrium values are S, =270,E, =350,1, =50 and

10.0 1

75 1

501

251
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200 A
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T T T
100 150 200

Time(in days)

Figure 5

T
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T
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— Splt)
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\
L

6 5‘0 160 15'0 260 25'0 360 3%0
Time(in days)
Figure 6

— Shit)
Eh(t)
— Iht)
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Time(in days)
Figure 7

R,=37>1

1481
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Setting B, =0.004 gives R, =0.2<1 We get EE,

1000 A /
800 -
§ 600
= —— Sbit)
5 Ibit)
g 400 A
200 A
:I\r.,
o4 —
T T T T T T T
0 100 200 300 400 500 600
Time(in days)
Figure 8

The approximated equilibrium values are S, =1000,I, =0 and R, =3.7>1

25 — B@®

2.0 1

population

T T

T T T T T
0 50 100 150 200 250 300 350
Time(in days)

Figure 9

The approximated equilibrium valueis B=0 and R,=3.7>1

The equilibrium values of pig and human populations remain the
same as in figures 6 and 7 respectively.

Keeping R, below one and setting B, =0.15 gives R,=03<1 and
we get EE,.
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200 A — Spit)
Ipit)

population

0 50 100 150 200 250 300 350
Time(in days)

Figure 10
The approximated equilibrium values are S; =375, I; =0 and R;=37>1

The equilibrium values of compartment B, bat population and human
population remain the same as in figures 8, 9 and 10 respectively.

Keeping R, and R, below one and setting B,h=0.72 gives
R,=0.4<1. We get the DFE E_.

1000

=

800

800 — Shi)

Eh{t}
— Ihit)

population

400

200

0 50 100 150 200 250 300 350
Time(in days)

Figure 11

The approximated equilibrium values are S, =999,E, =0,I, =0 and
R,=04<1

The equilibrium values of compartment B, bat population and pig
population remain the same as in figures 8, 9 and 10 respectively.

5. Discussion and Conclusion

The model has four equilibrium points, the disease-free equilibrium
demonstrated by figures 8, 9,10, 11 and three endemic equilibria. The first
endemic equilibrium EE1 is depicted by figures 8, 9, 10, 7, EE2 is
demonstrated by figures 8, 9,6, 7, while EE3 is represented by figures 4, 5,
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6, 7. The partial basic reproduction numbers R ,R, and R, estimate the
number of secondary infections in bats, pigs and humans population,
respectively, which happen when an infectious bat, pig or human is
introduced into a susceptible population of the same specie. The basic
reproduction number of the model is taken as the maximum of the three
partial basic reproduction numbers. It is established that if R, = max({R,,
R,, R;} = R,, the DFE is globally stable when R, <1 and is unstable if
R, >1. It is demonstrated that if R <1, R, <1 and R, >1, the endemic
equilibrium EE,, where the infection is present only in the human
population, is globally stable. If R, <1, R,>1 and R, >1, the endemic
equilibrium EE,, where the infection is present in the human and pig
populations, is globally stable. Lastly, when R, >1, R, <1 and R, >1, the
endemic equilibrium EE,, where the infection in bat, pig and human
population, is globally stable. Though the bats are natural hosts, we may
have a case where the infection does not persist in bats, but persists in pigs
or humans. For instance, it can happen that an infectious bat contaminates
food consumed by pigs or humans. If the basic reproduction number in
bats is less that 1, then the infection will not persist in bats. However, if the
basic reproduction number in pigs is greater than one, the disease will
persist in pigs and hence in humans. As per our model, since humans get
infection from both bats and pigs, we cannot have a case where the disease
persists in bats or pigs but not in humans, but the disease can persist in
human population but die out in bats and pigs. Similarly, we cannot have
a case where the disease persists in bats, but dies out in pigs or humans,
but we can have a case where the disease dies out in bats but persists in
pigs, hence in humans as well. To control Nipah virus outbreak, measures
such as culling of bats or pigs and isolation of exposed humans for at least
14 days can be considered.

Appendix
A. Appendix

To calculate the basic reproduction number R, we use the next
generation matrix method. As described in [24], R, = p(FV") =
max{R, R,, R,} where
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B, 0 0 0 0]
TFAP
0o B, 0 0 o
= Byt Tpn
F=|0 #AA“ 0 B, #A , (A1)
0 0 0 0 0
0 0 0 0 O]

and
fp, 0 0 0 0]
0 T,+u, 0 0 0
V=0 0 YU, 0 0 (A.2)
0 0 -y u,+I, 0
-&, 0 0 U

The partial basic reproduction numbers R ,R, and R, give the
estimated number of secondary infections in each population specie, so

R = ’ij: (A.3)

represents the basic reproduction number in bat population,

ﬁm’
My +I“p

R, = (A .4)

represents the basic reproduction number in pig population, and

R = Bun A.
S (AT +ay) (A-5)

represents the basic reproduction number in human population.
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