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Abstract

In 2014, Gupta and Ray proved that the circulant involutory matrices over the finite
field F,» can not be maximum distance separable (MDS). This non-existence also extends
to circulant orthogonal matrices of order 2‘ x 2 over finite fields of characteristic 2. These
findings inspired many authors to generalize the circulant property for constructing
lightweight MDS matrices with practical applications in mind. Recently, in 2022, Chatterjee
and Laha initiated a study of circulant matrices by considering semi-involutory and semi-
orthogonal properties. Expanding on their work, this paper establishes a link between the
trace of associated diagonal matrices and the MDS property of matrices over the finite field
F,n. Given that existing constructions of circulant MDS matrices rely on exhaustive search
methods, our result introduces a necessary condition for a circulant semi-orthogonal (or
semi-involutory) matrix to be MDS. Specifically, we prove that for circulant semi-orthogonal
matrices of even order and circulant semi-involutory matrices, if the trace of the associated
diagonal matrices is non-zero, the matrix cannot be MDS.
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1. Introduction

Maximum Distance Separable (MDS) matrices have gained significant
attention since their implementation in the block cipher SHARK [24] in 1996.
These matrices play a vital role in ensuring optimal diffusion in the diffusion layer
of the cipher, thereby enhancing the cipher's resilience against both differential
and linear cryptanalysis. As a consequence, many block ciphers such as SQUARE
[9], AES [10], Twofish [28], and hash functions like PHOTON [13], Whirlpool
[1] incorporate MDS matrices for enhancing the overall security of these
cryptographic systems.

Two primary approaches for constructing MDS matrices are recursive and
non-recursive. In recursive construction, we mainly start with a sparse matrix A
of order n X n with entries from a finite field such that A™ is an MDS matrix.
Notably, the block cipher LED [14] and the hash function PHOTON use
recursive MDS matrices, which are constructed from companion matrices. On the
other hand, in non-recursive constructions, various types of matrices are
employed to directly construct MDS matrices. This involves leveraging the
algebraic properties of the matrix and making appropriate choices for the entries
from the finite fields.

In 1996, Youssef, Mister and Tavares [30] used a Cauchy matrix to
construct an involutory MDS matrix. The involutory property is crucial in block
cipher implementations, as it ensures that the same MDS matrix M can be used
for both encryption and decryption. Therefore, finding efficient MDS matrices
that are also involutory or orthogonal is of particular interest. In 2004, Lacan and
Fimes [20] introduced a method for constructing MDS matrices using two
Vandermonde matrices with entries selected from a finite field. Later, in 2012,
Sajadieh et al. [27] demonstrated that the Vandermonde-based MDS matrix
construction proposed by Lacan and Fimes [20] could be transformed into an
involutory matrix. Additionally, in [15], the authors presented a direct
construction of MDS matrices using a Cauchy matrix. Since then, several direct
constructions of MDS matrices have been proposed, leveraging the distinct
properties of Cauchy and Vandermonde matrices. Recursive constructions offer
another approach to constructing MDS matrices. In [19], the authors employ
shortened BCH codes for recursive construction, while in [22], Reed-Solomon
codes are used for the construction of 8 X 8 self-reciprocal recursive MDS
matrices over the field F,r.

Another class of matrices that gained a significant attention in the
construction of MDS matrices is the circulant matrix. The block cipher AES uses
a 4 X 4 circulant MDS matrix in its diffusion layer, chosen for its lightweight
characteristics. The matrix is circulant(a, @ + 1,1,1) with entries from the finite
field F,s, where a is a root of the polynomial x84+ x* +x3+x+ 1. Its
lightweight nature is due to the two ones in the first row and the fact that a
circulant matrix of order n X n can have at most n distinct entries. However,
this matrix is neither involutory nor orthogonal. In 2014, Gupta and Ray [16, 17]
showed that the circulant orthogonal matrix of order 2¢ x 2¢ can not be MDS
when their entries are from a finite field of characteristic 2. They also
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demonstrated that circulant matrices of order n = 3 can not simultaneously be
involutory and MDS over the finite field F,m. However, circulant MDS and
circulant orthogonal MDS matrices of odd orders do exist, though they have been
constructed through exhaustive search.

These two non-existence results motivated further exploration of
circulant-like matrices with MDS properties. In [25, 26], Sarkar and Syed
explored Toeplitz matrices, examining their involutory, orthogonal, and MDS
properties. Similarly, Hankel matrices with these characteristics were studied in
[18]. In [21], Liu and Sim generalized circulant matrices to cyclic matrices by
changing the permutations and demonstrated the potential for left-circulant
matrices to be MDS and involutory. In 2022, Chatterjee and Laha initiated a
study of circulant matrices with semi-involutory and semi-orthogonal properties
with entries from a finite field in [3, 5]. Subsequently, in [4, 6], Chatterjee and
Laha studied cyclic matrices and g-circulant matrices, meticulously analyzing
their involutory, orthogonal, semi-involutory, semi-orthogonal and MDS
characteristics. In all these cases, verifying the MDS property for circulant and
generalized circulant matrices requires checking the determinants of all square
submatrices.

Many authors have continued the search for MDS matrices from finite fields
to rings and modules. In 1995, Zain and Rajan defined MDS codes over cyclic
groups [31] and Dong, Cheong, and Gunawan characterized MDS codes over
elementary Abelian groups [11]. By considering a finite Abelian group as a
torsion module over a PID, Chatterjee, Laha and Sanadhya proved some
non-existent results of MDS matrices in 2022 [7]. In [2], Cauchois and Loidreau
introduced 6-circulant matrices over the quasi-polynomial ring. They proposed a
construction for 6 -circulant almost-involutory MDS matrix over the
quasi-polynomial ring. Furthermore, in [29], the authors study the construction of
non-linear MDS diffusion layers over finite fields of characteristic 2.

2. Contribution

In Section 4 of this article, we explore circulant semi-orthogonal matrices
over the finite field F,m. We establish that, for an order of 2¢ x 2¢, the
associated diagonal matrices of a circulant semi-orthogonal matrix have trace
zero. For other even orders, matrices are classified based on whether the order k
is congruent to 0 or 2 modulo 4. Specifically, for k =0 (mod 4), we
demonstrate that if the circulant semi-orthogonal matrix possesses the MDS
property, the trace of the associated diagonal matrices is guaranteed to be zero.
For other even orders, an additional condition on the diagonal matrices is
necessary for the trace to be zero. Similarly, in Section 5, we present analogous
results for circulant semi-involutory matrices of order n > 3.

3. Preliminaries

In this section, we describe the notations and important definitions we use
throughout the paper.

We begin with some notations and definitions from [23]. Let [F, denote a
finite field with q elements where q is power of a prime p. Let C be an
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[n, k,d] linear error correcting code over the finite field F, with length n,
dimension k, and minimum Hamming distance d. The code C is a k
dimensional subspace of [Fg. The generator matrix G of C is a k X n matrix
with the standard form [I|A], where [ is a k X k identity matrix and A is
k xn —k matrix. The Singleton bound states that, for a [n,k,d] code,
n—k=>=d—-1. An [nk,n—k+ 1] code is called a maximum distance
separable (MDS) code. Another definition of an MDS code in terms of a
generator matrix is the following.

Definition 3.1: An [n,k,d] code C with the generator matrix G = [I|A], where
A is a k X (n — k) matrix, is MDS if and only if every i X i submatrix of A is
non-singular, i = 1,2,, min(k,n — k).

This definition of MDS code gives the following characterization of an
MDS matrix.

Definition 3.2: A square matrix A is said to be MDS if every square submatrix of
A is non-singular.

MDS matrices with easily implementable inverses play a crucial role in the
decryption layer of an SPN based block cipher. Therefore, either the involutory or
orthogonal property of MDS matrices is essential. Here A™1 denotes the inverse
of A, AT denotes the transpose of A and I is the identity matrix.

Definition 3.3: A square matrix A is said to be involutory if A2 =1 and
orthogonal if AAT = ATA = I. Also the trace of a square matrix is the sum of the
elements in the main diagonal.

In 2012, Fielder et al. generalized the orthogonal property of matrices to
semi-orthogonal in [12]. The definition of a semi-orthogonal matrix is as follows.

Definition 3.4: A non-singular matrix M is semi-orthogonal if there exist
non-singular diagonal matrices D; and D, such that M~T = D;MD,, where
M~T denotes the transpose of the matrix M ™1,

We refer to the matrices D; and D, in Definition 3.3 as associated diagonal
matrices for the semi-orthogonal matrix A.

Following that, in 2021, Cheon, Curtis and Kim [8] defined
semi-involutory matrices as a generalization of the involutory matrices. The
definition of a semi-involutory matrix is as follows.

Definition 3.5: A non-singular matrix M is said to be semi-involutory if there
exist non-singular diagonal matrices D; and D, such that M~ = D, MD,.

We refer to the matrices D; and D, in Definition 3.5 as associated diagonal
matrices for the semi-involutory matrix A.

As previously mentioned, circulant matrices find application in the diffusion
layer. In this context, we now provide definitions for circulant matrices and their
generalizations. Let A be an n X n matrix. The i-th row of A is denoted by R;



MDS PROPERTY OF CIRCULANT MATRICES 1599

for 0 <i<n-—1 and the j-th column as C; for 0 <j < n — 1. Furthermore,
A[i, j] denotes the entry at the intersection of the i-th row and j-th column. The
definition of a circulant matrix is the following.

Co €1 G ' Cp
.. . Ck-1 Co €1 =t Cp—2] .
Definition 3.6: The square matrix of the form L is
Cl Cz C3 A CO

said to be circulant matrix and denoted by C = circulant(cy, ¢y, C5,, C—1)-
The entries of the circulant matrix Ccan be expressed as C[i,j] = ¢,

where subscripts are calculated modulo n.
The determinant of a circulant matrix of order n X n is

det(C) = T2 (T i), (1)
27l
where w, =en € C.
In [3], Chatterjee and Laha proved the following result for circulant
semi-involutory matrices over a finite field.

Theorem 3.7: Let A be an n X n circulant matrix over a finite field. Then A is
semi-involutory if and only if there exist non-singular diagonal matrices Dy, D,
such that D' = kql and D} = k,I for non-zero scalars ki, k, in the finite
field, and A™* = D, AD,.

The analogous result for circulant semi-orthogonal matrices over a finite
field is as follows.

Theorem 3.8: A be an n X n circulant matrix over a finite field. Then A is
semi-orthogonal if and only if there exist non-singular diagonal matrices D, and
D, such that D' = kil and D} = k,I for non-zero scalars ky,k, € F and
AT = D,AD,.

4. Circulant matrices with MDS and semi-orthogonal properties

In [16, 17], Gupta and Ray proved that circulant orthogonal matrices of
order 24 x 29 can not be MDS over a finite field of characteristic 2. After that,
in 2023, Chatterjee and Laha [3] studied semi-involutory and semi-orthogonal
properties of circulant matrices. They showed that in a circulant semi-orthogonal
matrix of order n X n, the n-th power of the associated diagonal matrices are
scalar matrices.

Leveraging this property, we establish that for circulant semi-orthogonal
matrices of order 2¢ x 2¢, the trace of the associated diagonal matrices are zero
over a finite field of characteristic 2.

Proposition 4.1: Let A be a circulant, semi-orthogonal matrix of order 2¢ x 2¢
over the finite field F,m with associated diagonal matrices D; and D,. Then
trace of D; and D, are zero.
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Proof: Let A be a circulant semi-orthogonal matrix with associated diagonal
matrices D; and D,. Then A™T = D,AD,, where D; and D, are non-singular
diagonal matrices. Let D; = diagonal(d,, d,,dy, ..., d,a_;) and D, = diagonal
(e, €1,€3, ..., €5a_;). These two diagonal matrices also satisfy Dlzd = k,I and
Dzzd = k,1 for some non-zero scalars k, k, of the finite field by Theorem 3.8.
This implies trace(D2") = 2%k, = 0 and trace(D2") = 2%k, = 0. This leads to
the expressions:

A2+ a2+ a3 4t 2 = (do+dy +d dya_)*" =0

0 1 3 ttdia =(dotdi+dy++dyu_ ) =
and

d
e + e et 4t eda = (eg+te +e+ -+ ezd_l)zd =0.

Thus trace(D;) and trace(D,) are zero.

For circulant, semi-orthogonal matrices of even orders other than powers of
2, the following two theorems establish a significant relationship between the
MDS property and the trace of the associated diagonal matrices.

Theorem 4.2: Let A be a circulant, semi-orthogonal matrix of order 2'n X 2in
over the finite field F,m with associated diagonal matrices D, and D,, where
i>1 and n = 3, an odd integer. Then A is MDS implies both the matrices D
and D, have trace zero.

Proof: Let 2'n=k and A= circulant (ay,ay,ay,..,a_1). Since A is
semi-orthogonal, we have A™T = D;AD,, where D; and D, are non-singular
diagonal matrices given by D; = diagonal (dy,dy,dy,...,dg_1) and D, =
diagonal(ey, e;, €,..,,€x_1). Let A be an MDS matrix, then all the submatrices of
A have determinant non-zero. Using the identity AA™' =1, we have
AD,ATD; =1.Let M = AD,ATD;. Since all non-diagonal entries of M are zero,
we can derive the following set of equations from the entries
M[0,1], M[1,2],M[2,3], ..., M[k — 2,k — 1], M[k — 1,0]:

(X0 @i@is1 €141)dy =0

(XS0 @i@isn €42)d, = 0

QIS0 @041 €14 —1))dik—1 = 0

(X0 @441 eipi)do = 0.

Here all the suffixes are calculated modulo k. Since d;'s are non-zero, these

equations reduce to the following:

k-1 _ k-1 _ k-1 _
QiZo aiair1€i41) =0, XSy Aiisieiyz) = 0, BiZy @iaiy1€i4y) =0
Adding these equations we get
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(Zk a;a;11)(€g e+ - +e_q) =0. 2

Next, consider the following set of entries of the matrix M :
M[0,3],M[1,4],M][2,5], ... M[k —3,0], M[k —2,1], M[k — 1,2]. From these
entries, we get the following set of equations:

(Z Y 4iQi43 €143)d3 =0
( a'ai+3 €i14)dy =0
( k 1 a; a1+3 el+5)d5 =0

(Zk a; a1+3 €irk+1)ds = 0
(X0 @443 €ppie2)dz = 0.
Here all the suffixes are calculated modulo k. Similarly as before, using that
d;'s are non-zero and adding these equations, we get

(X0 aiaie3)(eg + g + -+ + ey) = 0. 3)
Continuing this process to cover all the odd positions of the first row till the
position M[O0, ;]
Consider the entries at positions M [O,g - 1], M [1,2], M [2,; + 1], e
M[g + 1,0],M[§ +2,1],-, M[k — 1,§ — 2]. From these entries, we get the
equation

5 aiq, x DS e) =0, (4)

where the suffixes are calculated modulo k.
Adding the following k equations

(B3 o )(E @) = 0, (25 araes) (B ) = 0,
LI am e IS e) =0

we get
(ag+ay, +--+ax)(a, +az+--+ag1)(eg+e +-+e_1) =0 (5

Given that A is a circulant matrix of order k X k, it has two circulant
submatrices of order S with the first row (ay,ay, ...,aix_,) and (aq,as, ...,
ay—-1) respectively. According to Equation (1), both (aq + a, + -+ + ax—_,) and
(ay + a3 + -+ a,_,) must be non-zero since A is an MDS matrix. Therefore
from Equation 5, we have (eq+e;+--+ex_4) =0 and this implies
trace(D,) = 0.

Similarly using the identity A™*A = I and following the same process, we
will get trace(D;) = 0.

In the next result, we explore the case where the order of the matrix is an
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even number of the form 2n,n is an odd number. In this case, we need one
additional condition on the entries of at least one of the associated diagonal
matrix. Any diagonal matrix of even order meeting this criterion is termed as
non-periodic diagonal matrix. Specifically, we define a diagonal matrix D =
diagonal (dgy, dq,d,,...,dy,_1) as a non-periodic diagonal matrix, if the entries
satisfy d; # d; 4,1 =0,1,2,...,n — 1.

Theorem 4.3: Let A be a circulant, semi-orthogonal matrix of order 2n X
2n,n = 3 be an odd number, over F,m with associated diagonal matrices D,
and D,. If A is an MDS matrix and at least one of the associated diagonal matrix
is non-periodic, then trace of that non-periodic diagonal matrix is zero.

Proof: Let A =circulant(ay, a,,a,, ..., a,,-1). Since A is semi-orthogonal, it
satisfy AT = D;AD,, where D; and D, are non-singular diagonal matrices
given by D; = diagonal (dy,d;,d,, ..., dsn—1) and D, = diagonal (eg, e, e,
.,€an_1)- Without loss of generality, we assume that D, is non-periodic
diagonal matrix. Then e; # e;,,,i = 0,1,2,,n — 1. Let A be an MDS matrix.
Since AA™'=1, we have AD,ATD, =1. Let AD,ATD, =M. All
non-diagonal entries of M are zero. Form the entries M[0,1], M[1,2], M[2,3],
M[2n —2,2n—1], M[Zn — 1,0] we get the following equations:
G @041 €41)ds = 0
( 2n— a; aL+1 eL+2)d2 =0
( 2n a aL+1 eL+(2n 1))d2n 1= =0
i 2n 1 a;;41 €142n)do = 0.

Here all the sufﬁxes are calculated modulo 2n. Since d;'s are non-zero, we
can add these equations and get

(Bt aiaiir)(eo + ey + +eppg) = 0.
Continuing the 51m11ar process for the entries at positions M[0,3], M[1,4],
M[2,5], ..., M[2n — 3,0] we get:
G aiaiyz ei43)ds =0
(Zi:o ;043 €i44)ds = 0

CET" ;543 ei42my))do = 0
(Zzn_l ;43 €j42n+1)d1 = 0
(Bt @43 €iyans2)dy = 0.
Here all the sufﬁxes are calculated modulo 2n. Adding these equations we
get
X0 aiai3) (XLt e) = 0.
Continue this process to cover all the odd positions of the first row, upto the
position M[0,n]. From the entries M[0,n],M[1,n + 1],M[2,n + 2], ..., M[n —
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1,2n — 1] we get:
(Bl aiisn(e; + eyn))dn =0
(Z?:_ol a;aipn(€i41 + €i+(n+1)))dn+1 =0 (6)
(B0 aiisn(eism-1) + €ismy+m-1))dzn-1 = 0.
Here all the suffixes are calculated modulo 2n. Using the given conditions
on e;'s and d;'s non-zero, we get (X2 a;a;4,) X2 e) = 0.
Note that, in Equation (6), we have n number of equations, where the other

sets of involve 2n equations each. Finally, adding the following E] equations:
QG aiai DEEG e) = 0, i a1a143) (XLt €) = 0,
e B0 @) Ei5 " €) =0,
we obtain
(ap+az+ - +az,)(ag+az+-+az1)(e+e ++eyq) =0
Since A is MDS, using the same argument as previous theorem, we get
(T2t ;) = 0. This implies trace(D,) = 0.
Similarly using the identity A™*A = I, D, is non-cyclic diagonal matrix,
and following the same process, we will get trace(D,) = 0.

For circulant, semi-orthogonal matrices of odd order, the following
examples demonstrate the possibility of achieving the MDS property and the trace
of the associated diagonal matrices are non-zero.

Example 4.4: Consider the 3 X 3 matrix A = circulant (a,a + 1, a? + a),
where a is a primitive element of the finite field F,s with the generating
polynomial x84+ x* + x3 + x2 + 1. Note that, A is semi-orthogonal since
AT = D,AD,, where D; = diagonal (a’ +a®+a’+a,a’ +a®+a’+
a,a’ +a®+a®+a) and D, = diagonal (a® + a*+a® + a,a®+ a* +a® +
a,a® + a* + a® + a). Note that, traceD; = a’ + a® + a® + a and traceD, =
a®+ a*+ a® + a. A is also an MDS matrix.

Example 4.5: Consider the 5 X 5 matrix A = circulant(a, @, a?,a® + a, a3 +
a?+ 1), where a is a primitive element of the finite field F,+ with the
generating polynomial x* + x + 1. Note that, A is not orthogonal and it is
semi-orthogonal since A~7 = D,;AD,, where D, = diagonal(a?, a?, a?, a?, a?)
and D, = diagonal(a? +a+ 1l,a’+a+ 1, a’+a+ 1L, a’+a+1,a’+a+
1). Note that, traceD; = a? and traceD, = a’?+a + 1. A is also an MDS
matrix.

Remark 4.6: We have classified circulant semi-orthogonal matrices over the
finite field [F,m into four distinct categories. Specifically, for odd orders, we
provide examples of circulant semi-orthogonal matrices of orders 3 X 3 and
5 X 5 with the MDS property. For matrices of order 2% x 2%, the trace of the
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associated diagonal matrices is zero. Additionally, for matrices of even order,
where the order k = 0(mod4), the MDS property ensures that the trace of the
associated diagonal matrices remains zero. Furthermore, when the order is even
and congruent to 2(mod4), the MDS property together with non-periodic
diagonal matrices results in a trace value of zero for the associated diagonal
matrices.

In the subsequent section, we explore circulant matrices with the
semi-involutory property. Our objective is to determine whether similar outcomes
persist under semi-involutory property or not.

5. Circulant matrices with MDS and semi-involutory properties

In [16], Gupta and Ray proved that circulant involutory matrices of order
n = 3 can not be MDS. In the subsequent results, we extend this characteristic to
circulant semi-involutory matrices. In this direction, our first result demonstrates
that, the trace of these associate diagonal matrices is also zero under certain
conditions.

Proposition 5.1: Let A be a 2¢ x 2¢ circulant, semi-involutory matrix over the
finite field [F,m with associated diagonal matrices D; and D,. Then trace of D,
and D, are zero.

Proof: The proof follows similarly as Theorem 4.1.

For circulant semi-involutory matrices with orders other than 2% x 2%, our
result establishes that the trace value of the associated diagonal matrices is zero
when the matrix exhibits the MDS property.

Theorem 5.2: Let A be an nXn,n = 3,n # 2 circulant, semi-involutory
matrix over the finite field F,m with associated diagonal matrices D; and D,.
Then A is MDS implies both the matrices D; and D, have trace zero.

Proof: Let A = circulant(ay, a4, ay, ..., a,_1). Since A is semi-involutory, we
have A™! = D;AD,, where D; and D, are non-singular diagonal matrices given
by D, = diagonal(d,, d;,d5, ...,d,,_1) and D, = diagonal(e, e, €5, ..., €5_1)-

Let A be an MDS matrix. Since AA™! =1, we have AD;AD, = 1. Let
M = AD,AD, . This implies that all non-diagonal entries of M are 0.

Case I: Consider the case n is even, n = 2k.
From the entries M][0,2],M[1,3],M[2,4],M[3,5],, M[2k — 3,2k — 1],
M[2k — 2,0], M[2k — 1,1] we get the following equations:
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(afd; + afy1disr + agay(do + dy) + azagp_1(ds + dyg_y) + -+
Qi (di + diyz))e; =0
(afd; + afy1disr + pay(dy + d3) + azap-1(dy + dop) + - +

Ay Ayrz(disr + diyz))es =0

(@Zdyg—p + afqdi—y + agay(dyg—y + da_3) + tazaz-1(dsy2k-3) + dak—4)
+ o+ Qg gyz(de—g + dg-3))ez—1 =0
(@ da—1 + Ahyrdi—q + g0y (o + dyp—p) + a3a5—1(dy + dpp—3) + - +
Ayt (di—2 + di))eo = 0
(@G dy + afy1di + agay(dy + dog—q) + A30-1(dy + dppe_p) + -+ +
A Qgt2(dg-1 + di41))e; = 0.

All the suffixes are calculated modulo 2k. Since e;'s are non-zero, adding

all these equations, we get
(af +ai )(dy +dy + -+ dyg) =0 (7

Since A is an MDS matrix, all its submatrices have determinant non-zero.
Consider the 2 X 2 submatrix of A with the positions A[0,1],A[0,k +
1], A[k, 1], A[k, k + 1]. The determinant of this submatrix is (a? + az,,) and
thus it is non-zero. Consequently Equation (7) implies (dy + d, + -+ dyp_q) =
0. Therefore trace of D, is zero.

Considering the identity A™*A = I and proceed similarly, we will get trace
of D, is zero.

Case II: Consider the case n is odd, n = 2k + 1.

The entries at the positions M[0,2], M[1,3], M[2,4], M[3,5],, M[2k —
2,2k], M[2k — 1,0], M[2k, 2] give the following equations:

(afdy + agay(do + dy) + asaz(ds + dyi) + -+ + @peyy

Apey2(drs1 + dis2))e; =0
(afdy + agay (dy + d3) + azazi(ds + dagsq) + -+ + Qpgq

Apey2(dryz + disz))es =0

(afda-1 + @90z (doszk—2 + diszk—2) + Q3021 (d342k—2 + dopson—2) + -+
Ape410k+2(rr1+2k-2 + Ao 42k-2))€2k-1 = 0
(afda + agay(dosor—1 + dasor—1) + A3z (d3sok—1 + dogrzi-1) + - +
Ape+1042(Ary1e2k-1 + dir242k-1))€0 = 0
(aidy + agay(dy +dyp) + azazi(dy + dy—1) + -+ + Ay 1 Apesr
(di + dis1))ey = 0.
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All the suffixes are calculated modulo 2k + 1. Since e;'s are non-zero,
adding all these equations, we get
(af)(dy +dy + -+ dy) =0 (®)
Since A is an MDS matrix, all entries of A are non-zero. This implies
(dy +dy + -+ dy) = 0. Therefore trace of D; is zero.
Considering the identity A™*A = I and proceed similarly, we will get trace
of D, is zero.

Remark 5.3: For circulant semi-involutory matrices over the finite field F,m, we
have proven that matrices of order 2% x 2¢ exhibit a zero trace for their
associated diagonal matrices. Furthermore, for orders not represented as powers
of 2, the trace remains zero if the matrix possesses the MDS property.

6. Conclusion

In conclusion, this article has explored circulant matrices with both
semi-orthogonal and MDS properties, as well as circulant matrices characterized
by semi-involutory and MDS attributes. We have presented examples of circulant
semi-orthogonal MDS matrices for certain odd orders. Moreover, our results open
a new research direction to check the MDS property of circulant matrices with
both semi-involutory and semi-orthogonal properties.
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