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Abstract
The maximum distance between two subsets Ś and S of vertex set ( )V G of a connected 

graph G is maximum distance between any two vertices u and v such that u belong to Ś and 
v belong to .S  In this paper, we take special case of maximum distance when Ś consist of one 
vertex and S consist of (n – 1) vertices, 3, .n ≥ This distance is defined by :

max ( , ) max{ ( , ) : },| | 1, 3 , ( ),d u S d u v v S S n n p u V G= ∈ = − ≤ ≤ ∈

Where p is the order of  a graph G.
We founded Mn – polynomials, Mn – index, Hosoya polynomial and Wiener index for 

some special graphs such as : cog-complete, cog- star, cog-wheel, cog-path and cog-cycle. 
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1.  Introduction

The first to define the maximum distance between two subsets of 
vertex set are Dankelmann et al. in 1999 [1], as follows :

max ( , ) max{ ( , ) : , },d S S d u v u S v S′ ′= ∈ ∈  where Ś and S are not 
necessarily distinct subsets of V(G), and d(u, v) is the number of edges in a 
shortest path between u and v. We note that  max ( , ) 0d S S′ =  if { };S S w= =′  
thus for SS′ =  and | |S′  or | | 2,S ≥ this implies that max ( , ) 0.d S S′ >

The special type of maximum distance between two subset of V(G) 
such that the first subset Ś  consists of one vertex and the second subset S 
consists of ( 1)n −  vertices, 3, .n ≥  This distance is defined by :

max ( , ) max{ ( , ) : },| | 1, 3 , ( ),d u S d u v v S S n n p u V G= ∈ = − ≤ ≤ ∈

Where p is the order of a graph G.
It is clear that for any vertex u and for any subset S of V(G), we have 

: max ( , ) 1.  d u S ≥  If the vertex u dominates all vertices S, then max ( , ) 1.d u S =
When 2,n = the ordinary distance between two vertices of V(G), 

can be obtained, [2,3]. Therefore, we let 3.n ≥  To learn more about 
characteristics of this type of distance (see [4,5]). 

The -nM index of a graph G of order p, where, 3 ,n p≤ ≤  is the sum 
of max – n– distances of all pairs (u, S) in G, i.e.

max( ) ( , ).u V Sn
S V

M G d u S∈ −
⊆

= ∑

The -nM polynomial of  G of order p, is denoted by Mn(G; x), and 
defined by :

( ; ) ( , ,) k
n nk m

M G x C G k xδ

=
= ∑  where d is the diameter of G, where 

maxmin{ ( , ), , }m d u S u V S S V= ∈ − ⊆ and ( , )nC G k  is the number of pairs 
(u, S), ( ),S V G⊆ | | 1,S n= − 3 ,n p≤ ≤  such that max ( , ) ,d u S k= for each

.m k δ≤ ≤ It is clear that the nM −  index of any graph G can be obtained 
from nM − polynomial as follows:

1( ) ( ; )| ( , ).n n x nk m

dM G M G x kC G k
dx

δ

= =
= = ∑

If Cn(u, G, k) represents the number of pairs (u, S) such that dmax(u, S) = k, 

then
( )

( , ) ( , , ).n nu V G
C G k C u G k

∈
= ∑  From clearly that : 

1
1
1

( , )nk
p
n

C G k pδ

=

−
−

 =  
 ∑

and
( )

( ,1) ,
1n v V G

degv
C G

n∀ ∈

 
=  

− 
∑  for all 3 .n p≤ ≤
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There are many recent studies on D − distance and detour number 
in graph theory (see [6, 7, 8]). For additional information about the 
applications for some types of these distances, (see[9,10]).

The Hosoya polynomial connected graph G is defined as follows 
[11,12]: 

1
; ) ( , ) ,( k

k
H G x d G k xδ

=
= ∑  where d(G, k) is the number of pairs 

unordered of distinct vertices that are at a distance k, and Wiener index  
of G is defined as:

1 1
( ) ( ; )| ( , ).x k

dW G H G x kd G k
dx

δ

= =
= = ∑

Finally, there is great interest in many polynomials such as Schultz 
and Modified Schultz, (see [13]).

2.  Cog-Complete Graph :

Definition : A cog-complete graph c
pK  is the graph constructed 

from a complete graph Kp,  3p ≥ of vertex set 1 2( { , ,) },p pV K v v v= …
with p additional vertices 1 2{ , , , },pU u u u= … and 2p  edges 

1{ , : 1, 2, , },i i i iu v u v i p+ = … 1 1.pv v+ ≡

Some Properties of A cog-complete Graph c
pK :

1.	 The order and size : )( 2c
pp K p= and ( 3)

2
( ) .c

p
p pq K +=

2.	 The max - n -  diameter : )( 3,c
pKδ =  for all 4.p ≥

3.	�  −nM polynomial of a vertex :  The vertices vi,  i = 1,2, …, p have 
the same the nM −  polynomial of a vertex in a graph .c

pK  Also, the 
vertices ui, i = 1,2, …, p have the same the nM −  polynomial of a 
vertex in a graph .c

pK
4.	� The max – n – distance : The vertices of the graph c

pK have the max 
– n – distance between the vertex v and any subset S of vertices of  

)( c
pV K , |S|= n – 1, 3 2 ,n p≤ ≤ as following :

max ( , ) 2,id v S ≤  for all 1, 2, , ,i p= …

max ( , ) 3,id u S ≤  for all 1, 2, , .i p= …

Theorem 2.1 : For all 4,p ≥ we have 
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21 2 2 1 1 2
( ; )

1 1 1 2 1
c

n p

p p p
M K x p x p x

n n n n n

 
 
 
 

          + − +
= + + + −          

− − − − −             

	

32 1
1

.
2

1
p p

p x
n n

    − +
+ −    

− −     

Proof : Obvious. 	 

Corollary 2.2 : For all 4,p ≥ we have :

	

2 1 2 1 2
( 5 .

1 1 1 1
)c

n p

p p p
M K p

n n n n
        − + +

= − − −        
− − − −           	 

3.  Cog-Star Graph

Definition : A cog-star graph c
pS is the graph constructed from  a star graph 

Sp, 4,p ≥  of vertex set 1 2( { , ,) },p pV S v v v= … with ( 1)p− additional vertices
1 2 1{ , , }, ,pU u u u −= …  and 2( 1)p−  edges 1 2, :{ 1, 2, , 1},i i i iu v u v i p+ + = … −

1 2 .pv v+ ≡

Some Properties of A cog-star Graph c
pS :

1.	 The order and size : )( 2 1c
pp S p= − and 3( 1 .( ) )c

pq S p= −

2.	 The max − −n  diameter : )( 4,c
pSδ = for all 5.p ≥

3.	�  −nM polynomial of a vertex :  The vertices vi, i = 2,3, …, p have  
the same the nM − polynomial of a vertex in a graph .c

pS  Also, the 
vertices ui, 1, 2, , 1i p= … − have the same the nM − polynomial of a 
vertex in a graph .c

pS
4.	� The max – n – distance : The vertices of the graph c

pS have the max 
– n – distance between the vertex v and any subset S of vertices of  

)( ,c
pV S |S| = n – 1, 3 2 1,n p≤ ≤ − as following :

max 1( , ) 2,d v S ≤

max ( , ) 3,id v S ≤ for all i = 2, 3, … , p,

max ( , ) 4,id u S ≤ for all i = 1, 2, … , p – 1.



POLYNOMIALS OF SOME SPECIAL FOR COG-GRAPHS� 1083

Theorem 3.1 : For all 5,p ≥  we have 
4

1
( ; ) ,( , )c c k

n p n pk
M S x C S k x

=
= ∑  where 

1 3 2
( ,1) ( 1) ( 1) ,

1 1 1
c

n p

p
C S p p

n n n
     −

= + − + −     
− − −     

1 5 3 2 2 2 1
( , 2) ( 1) .

1 1 1 1 1 1
c

n p

p p p
C S p

n n n n n n
            + − −

= − + − − + −            
− − − − − −             

2 2 1 5
( , 3) ( 1) .

1 2 1
c

n p

p p
C S p

n n n
      − +

= − + −      
− − −       

2 2 2
( , 4) ( 1) .

1 1
c

n p

p p
C S p

n n
    − +

= − −    
− −     

Proof : Obvious  	 

Corollary 3.2 : For all 5,p ≥ we have 

	

2 2 1 2 1
( (7 5) ( 1

1
) )

1 1 1
c

n p

p p p p
M S p p

n n n n
       − − + +

= − − − − +       
− − − −       

	

5 3 2
.

1 1 1n n n
     

+ + +      
− − −       	 

4.  Cog-Wheel Graph :

Definition : A cog-wheel graph c
pW is the graph constructed from  

a wheel Wp, 5,p ≥ of vertex set 1 2( { , , },,)p pV W v v v= …  and with 
(p – 1) additional vertices 1 2 1{ , , },, pU u u u −= … and 2(p – 1) edges 

1 2{ , : 1, 2, , 1},i i i iu v u v i p+ + = … − 1 2 .pv v+ ≡

Some Properties of A Cog-Wheel Graph c
pW :

1.	 The order and size : )( 2 1c
pp W p= − and 4( 1 .( ) )c

pq W p= −

2.	 The max - n - diameter : )( 4,c
pWδ = for all 7.p ≥
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3.	�  −nM polynomial of a vertex : The vertices vi, i = 2,3, …, p have  
the same the nM −  polynomial of a vertex in a graph .c

pW  Also, the 
vertices ui, 1, 2, , 1i p= … − have the same the nM −  polynomial of a 
vertex in a graph .c

pW

4.	� The max – n – distance : The vertices of the graph c
pW have the max 

– n – distance between the vertex v and any subset S of vertices of  
( ),c

pV W |S| = n – 1, 3 2 1,n p≤ ≤ − as following :

max 1( , ) 2,d v S ≤

max ( , ) 3,id v S ≤  for all i = 2, 3, … , p,

max ( , ) 4,id u S ≤ for all i = 1, 2, … , p – 1.

Theorem 4.1 : For all 7,p ≥ we have 
4

1
( ; ) ,( , )c c k

n p n pk
M W x C W k x

=
= ∑  where 

1 5 2
( ,1) ( 1) ( 1) ,

1 1 1
c

n p

p
C W p p

n n n
     −

= + − + −     
− − −     

3 7 5 2 2 2 1
( , 2) ( 1) ,

1 1 1 1 1 1
c

n p

p p p
C W p

n n n n n n
            + − −

= − + − − + −            
− − − − − −             

2 2 3 7
( , 3) ( 1) ,

1 2 1
c

n p

p p
C W p

n n n
      − +

= − + −      
− − −       

2 2 4
( , 4) ( 1) .

1 1
c

n p

p p
C W p

n n
    − +

= − −    
− −     

Proof : Obvious. 	 

Corollary 4.2 : For all 7,p ≥  we have 

2 2 1 4 3
( (7 5) ( 1

1
) )

1 1 1
c

n p

p p p p
M W p p

n n n n
       − − + +

= − − − − +       
− − − −       
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7 5 2
.

1 1 1n n n
     

+ + +      
− − −          	 

5.  Cog - Path Graph 

Definition : A cog - path graph c
pP is the graph constructed from  a path

,pP 3,p ≥  of set vertex 1 2( { , , },,)p pV P v v v= …  and with ( 1)p−  additional 
vertices 1 2 1{ , , }, ,pU u u u −= … and 2( 1)p−  edges 1{ , : 1, 2, , 1}.i i i iu v u v i p+ = … −

Some Properties of A Cog-Path Graph c
pP :

1.	 The order and the size : )( 2 1c
pp P p= −  and ( 3( 1)) .c

pq P p= −

2.	 The max - n - diameter : )( 1,c
pP pδ = − for all 3.p ≥

3.	 −nM polynomial of a vertex :  For all
2

1 ,pi  
 
 

≤ ≤ then,

	 •	 1( , ; ) ( , ; ).c c
n i p n p i pM v P x M v P x− +=

	 •	 ( , ; ) ( , ; ).c c
n i p n p i pM u P x M u P x−=

4.	� The max – n – distance : The vertices of the graph c
pP have the max 

– n – distance between the vertex v and any subset S of vertices of  
)( ,c

pV P |S| = n – 1, 3 2 1,n p≤ ≤ − as following :

max max( , ) ( , ) ,i id u S d v S p i= ≤ −  for all 1 .
2
p

i
 

≤ ≤  
 

Theorem 5.1 : Let c
pP  be a cog-path graph of order 2p – 1, 4.p ≥  Then for all 

3 2 1,n p≤ ≤ −  we have:

1

1
( ,; ) ( , )pc c k

n p n pk
M P x C P k x−

=
= ∑ where

2 4
( ,1) ( 1) ( 2) ,

1 1
c

n pC P p p
n n
   

= + + −   
− −   

2 4 4 4 2 1 4 2 4 6
( , )

1 1 1 1 1 1
c

n p

p k k k p k k k
C P k

n n n n
              − − − + − −   = − + −              

− − − −                 
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2

2

4 4 4 2 2 2
2 2 4 ;2 ,

1 1 1
2 2 2 2

4 4 ; 1 1.
1 1

p

p

k k k
k

n n n
p k

k p
n n

 
 
 

 
 
 

      − − −
+ − ≤ ≤      

− − −      + 
   − − − + ≤ ≤ −    − −   

Proof : It is obvious that 2 4
1 1

( ,1) ( 1) ( 2) .c
n p n n

C P p p
− −

   = + + −   
   

To find 

( , )c
n pC P k  for all 2 1,k p≤ ≤ − 6,p ≥ let U V∪ be the set of vertices of ,c

pP  
where { : 1, 2, , 1}iU u i p= = … − and { : 1, 2, , }iV v i p= = …  and let S be a 
subset of vertices of  c

pP  has length 1, 3.n n− ≥ Then, there are three cases :

Case I : For all  
2

2 1,pk  
 
 

≤ ≤ − then there are two subcases:

a.	� There are two vertices ,i kv + 1i ku + −  lying at a distance k 
from vi, for all 1 i k≤ ≤ and there are 2 2 4k i+ −  vertices

1 1 1 1 2} }{ , , { , , ,i i k i kS v v u u+ + − + −∪ ∪… … w h e r e 1 1 1{ , }, ,iS v v −= …
(if i = 1,   then 1 )S = ∅  lying at a distance less than k to vi, for all
1 ,i k≤ ≤ also, there are two vertices ,i kv + 1i ku + −  lying at a distance 
k from ui, for all 1 1i k≤ ≤ −  and there are 2 2 4k i+ −  vertices

2 1 2 1 1} }{ , , { , ,,i i k i kS u u v v+ + − + −∪ ∪… … where 2 1 1{ , }, ,iS u u −= … (if i = 1, 
then 2 )S = ∅  lying at a distance less than k to ui, for all 1 1.i k≤ ≤ −  
Then

	

2

1

2 2 2 4 2 2 2 2 2 4
( , , ) ,

1 1 1
c

n i p j

k i k i k i
C v P k

j n j n n=

      + − + − + −
= = −      

− − − −      
∑

	 1 i k≤ ≤ .

	 Hence, 

	
1 1

2 2 2 2 2 4 4 2 2 2
( , , ) .

1 1 1 1
k kc

n i pi i

k i k i k k
C v P k

n n n n= =

        + − + − − −
= − = −        

− − − −         
∑ ∑

	 And, 

	�

2

1

2 2 2 4 2 2 2 2 2 4
( , , ) ,

1 1 1
c

n i p j

k i k i k i
C u P k

j n j n n=

      + − + − + −
= = −      

− − − −      
∑

		
1 1.i k≤ ≤ −

	 Hence, 
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1 1

1 1

2 2 2 2 2 4 4 4 2 2
( , , ) .

1 1 1 1
k kc

n i pi i

k i k i k k
C u P k

n n n n
− −

= =

        + − + − − −
= − = −        

− − − −         
∑ ∑

b.	� There are four vertices 1{ , , , }i k i k i k i ku v u v− − + − +  lying at a distance 
k from vi, for all 1k i p k+ ≤ ≤ − and there are 4 4k − vertices 

1 1 1 2{ , , } { , , } { }i k i k i k i k iv v u u v− + + − − + + −… ∪ … −  lying at a distance less than 
k to vi. Also, there are four vertices 1 1 1{ , , , }i k i k i k i kv u u v− + − + + − + lying at a 
distance k from ui, for all k i p k≤ ≤ −  and there are 4 6k −  vertices 

2 1 2 2{ , , } { , , } { }i k i k i k i k iv v u u u− + + − − + + −… ∪ … −  lying at a distance less than 
k to ui. Then

	

4

1

4 4 4 4 4 4
( , , ) ,

1 1 1
c

n i p j

k k k
C v P k

j n j n n=

      − −
= = −      

− − − −      
∑  for all 

	 1 .k i p k+ ≤ ≤ −

	 And, 
	 4

1

4 4 6 4 2 4 6
( , , ) ,

1 1 1
c

n i p j

k k k
C u P k

j n j n n=

      − − −
= = −      

− − − −      
∑ for all 

	 .k i p k≤ ≤ −

Case II : For 
2
pk  
 
 

= we have:

If p is an odd number, then the proof of this case as the same of Case I 
(a and b) and when p is an even number, then we obtain the same subcase 
(a) from Case I but there is only one vertex (say ,

2
pu ) satisfying the subcase 

(b) from Case I.

Case III : For
2

1 1,p k p 
 
 

+ ≤ ≤ − There are two vertices ,i kv + 1i ku + −  lying at 
a distance k from vi (or ui), for all 1 i p k≤ ≤ − and there are 2 2 4k i+ −  
vertices 1 1 1 1 2} }{ , , { , , ,i i k i kS v v u u+ + − + −∪ ∪… …  where 1 1 1{ , }, ,iS v v −= … (if i = 1,  
then 1 )S = ∅  lying at a distance less than k to vi. Also, there are 2 2 4k i+ −  
vertices 2 1 2 1 1} }{ , , { , , ,i i k i kS u u v v+ + − + −∪ ∪… …  where 2 1 1{ , }, ,iS u u −= … (if i = 1, 
then 2 )S = ∅ lying at a distance less than k to ui. Then

4

1

2 2 2 4
( , , ) ( , , )

1
c c

n i p n i p j

k i
C v P k C u P k

j n j=

  + −
= =   

− −  
∑

	

2 2 2 2 2 4
,

1 1
k i k i

n n
   + − + −

= −   
− −    1 .i p k≤ ≤ −

Hence, 
1 1

( , , ) ,( , )p k p kc c
n i p n i pi i

C v P k C u P k− −

= =
=∑ ∑
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1

2 2 2 2 2 4 2 2 2 2
.

1 1 1 1
p k

i

k i k i p k
n n n n

−

=

        + − + − − −
= − = −        

− − − −         
∑

Hence, from three cases and by  the nM −  polynomial of a vertex 
property, we have 

2 4 4 4 2 1 4 2 4 6
( , )

1 1 1 1 1 1
c

n p

p k k k p k k k
C P k

n n n n
              − − − + − −   = − + −              

− − − −                 

2

2

4 4 4 2 2 2
2 2 4 ;2 ,

1 1 1
2 2 2 2

4 4 ; 1 1.
1 1

p

p

k k k
k

n n n
p k

k p
n n

 
 
 

 
 
 

      − − −
+ − ≤ ≤      

− − −      + 
   − − − + ≤ ≤ −    − −   

We note that :

2
4

2 4 6 4 2
( ; ) 5 2 3 2 5

1 1 1 1 1
c

nM P x x x
n n n n n

            
= + + + −            

− − − − −               

	

36
4

1
,

4
1

x
n n

    
+ −    

− −     

and

2
5

2 4 8 6 4 2
( ; ) 6 3 4 6

1 1 1 1 1 1
c

nM P x x x
n n n n n n

              
= + + + + −              

− − − − − −                 

3 48 4 8 6
4 4

1 1 1 1
x x

n n n n
          

+ − + −          
− − − −             

are satisfied the formula of the Theorem 5.1. With this the proof ends.      

Corollary 5.2 : For all 4,p ≥  we have :

2
2

2 4 4 4 4
( ( 1) ( 2) {( 2 )

1 1 1 1
)

p
c

n p k

k k
M P p p k p k

n n n n

 
 
 
=

        −
= + + − + − −        

− − − −         
∑

	

4 2 4 6 4 4 4 2 2 2
( 2 1) 2 2 4 }

1 1 1 1 1
k k k k k

p k
n n n n n

          − − − − −
+ − + − + + −          

− − − − −           
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1

1
2

2 2 2 2
4 .

1 1
p

p
k

p k
k

n n
−

 
= + 
 

    − − + −    
− −     

∑
	 

6.  Cog-Cycle Graph

Definition : Let 1 2 1: , , ,, ,p pC v v v v… 3,p ≥ be a cycle of order p. The cog-
cycle ,c

pC  is obtained from Cp by adding p new vertices 1 2{ , , , },pU u u u= …  
and 2p edges 1{ , : 1, 2, , },i i i iu v u v i p+ = … 1 1.pv v+ ≡

Some Properties of A Cog-Cycle Graph c
pC  :

1.	 The order and the size : )( 2c
pp C p= and )( 3 .c

pq C p=

2.	 The max - n -  diameter : 
2

)( 1,c
p

pCδ  
 
 

= + for all 6.p ≥

3.	�  −nM polynomial of a vertex :  For all 1 i p≤ ≤ the vertices vi  have  
the same the nM −  polynomial of a vertex in a graph .c

pC  Also, the 
vertices  ui.  

4.	� The max – n – distance : The vertices of the graph c
pC  have the max 

– n – distance between the vertex v and any subset S of vertices of  
)( ,c

pV C |S| = n – 1,  3 2 ,n p≤ ≤  4,p ≥  as following:

max 2
( , ) ,i

pd v S  
 
 

≤  for all 1 .i p≤ ≤

max 2
( , ) 1,i

pd u S  
 
 

≤ +  for all 1 .i p≤ ≤

Theorem 6.1 : Let c
pC  be a cog-cycle graph of order 2p, 6.p ≥  Then for all 

3 2 ,n p≤ ≤  we have :

2 4
( ; )

1 1
c

n pM C x p x
n n

    
= +    

− −     

1 1
2 2 2

2

4 4 2 4 4 4 6
1 1 1 1

,
p p p

k
k

k k k k
p x p x p x

n n n n
α β

     
− +     

     
=

        − − −
+ + − − + + +        

− − − −         
∑

 

where
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2 1 2 2 2 4 2 6
,  is an even,

1 1 1 1
2 2 2 4 2 6 2 8

,  is an odd.
1 1 1 1

p p p p
p

n n n n
p p p p

p
n n n n

α

       − − − −
+ − −       

− − − −       = 
       − − − − + − −        − − − −       

	

2 1 2 2
,  is an even,

1 1
2 1 2 2 2 4

2 ,  is an odd.
1 1 1

p p
p

n n
p p p

p
n n n

β

   − −
−   

− −   = 
     − − − − −      − − −     

Proof : It is obvious that 2 4
1 1

( ,1) .c
n p n n

C C p
− −

    = +        
 Let U V∪ be the set 

of vertices of ,c
pC  where { : 1, 2, , }iV v i p= = … be the set of the vertices of 

the mean cycle pC  and { : 1, 2, , }iU u i p= = … be the set of the cog-vertices 

of a cycle. To prove ( , )c
n pC C k for all

2
2 1,pk  

 
 

≤ ≤ + it is sufficient to prove the 

coefficients 1( , , )c
n pC u C k  and 1( , , )c

n pC v C k for all 
2

2 1pk  
 
 

≤ ≤ + and by using 

the nM − polynomial of a vertex property we get the required result, let 
S be a subset of vertices of  c

pC  has length 1, 3.n n− ≥  Then we have three 
cases:

Case I : For all  
2

2 1,pk  
 
 

≤ ≤ −  there are four vertices 1 1 1{ , , },k p k k p kv v u u+ − + − + 
1 1 1{ , , },k p k k p kv v u u+ − + − +  lying at a distance k from v1 and there are 4k - 4 vertices 

2 2 1 1 2{ , , , , , , , , , , },k p p k k p p kv v v v u u u u− + − − +… … … …  lying at a distance 
less than k to v1. And there are 1 2 2{ , , , }k p k k p kv v u u+ − + − +  lying at a 
distance k from u1 and there are 4k - 6 vertices 1 1 ,{ , , }kv v S… ∪  

1 3 2 1 3{ , , , , , }, , ,p p k k p p kS v v u u u u− + − − += … … … lying at a distance less than k to 
u1, where 1S = ∅  when k = 2. Then

4
1 1

4 4 4 4 4 4
( , , ) ,

1 1 1
c

n p j

k k k
C v C k

j n j n n=

      − −
= = −      

− − − −      
∑ and 

4
1 1

4 4 6 4 2 4 6
( , , ) .

1 1 1
c

n p j

k k k
C u C k

j n j n n=

      − − −
= = −      

− − − −      
∑

Case II : For  
2

.pk  
 
 

=
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When p is an even number, then there are three vertices 

2 2 2
1 1
, , }{ p p pv u u

+ +
 lying at a distance 

2
pk = from v1 and there are 2 4p− vertices 

2 2 2 2
2 12 1 2

{ , , , , , , , , }, , ,p p p pp pv v v v u u u u
+ − +

… … … …  lying at a distance less than 
2
p  

to v1. And there are 
2 2 2 2

1 2 2
{ , , , }p p p pv v u u

+ + +
 lying at a distance 

2
p  from u1 and 

there are 2 6p−  vertices 
2 2 2 2

1 23 1 3
{ , , , , , , , , , , , }p p p pp pv v v v u u u u

+ − +
… … … …  lying 

at a distance less than 
2
p  to u1. Then 

	
( ) 3

1 1
3 2 4 2 1 2 4

2 1 1 1
, , ,c

n p j
p p p p

j n j n n
C v C

=

− − −
− − − −

      = = −      
      ∑ and 

	

4
1 1

4 2 6 2 2 2 6
, , .

2 1 1 1
c

n p j

p p ppC u C
j n j n n=

        − − −
= = −        − − − −        
∑

When p is an odd number, the proof as the same of Case I.

Case III : For  
2

1.pk  
 
 

= +

When p is an even number, there is no vertex lying at a distance 

2
1pk = + from v1. But there is only one vertex 

2
1pu

+
lying at a distance 

2
1pk = + from u1, and there are 2 2p−  vertices lying at a distance less than 

2
1p + to u1.

1
1 1

1 2 2 2 1 2 2
, , 1

2 1 1 1
c

n p j

p p ppC u C
j n j n n=

        − − −
+ = = −        − − − −        

∑

When p is an odd number, there is only one vertex 1
2

pu + lying at a 

distance 1
2

pk += from v1  and there are 2 2p−  vertices lying at a distance 
less than 1

2
p+ to v1. And there are three vertices 3 1 3

2 2 2

{ , , }p p pv u u+ + +  lying at a 

distance 1
2

p+ from u1 and there are 2 4p− vertices lying at a distance less 
than 1

2
p+  to u1. Then

1
1 1

1 2 2 2 1 2 21, , ,
2 1 1 1

c
n p j

p p ppC v C
j n j n n=

        − − −+
= = −        − − − −        
∑ and 

3
1 1

3 2 4 2 1 2 41, , .
2 1 1 1

c
n p j

p p ppC u C
j n j n n=

        − − −+
= = −        − − − −        
∑
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Since 
1 1

( , ) ( , , ) ( , , ),p pc c c
n p n i p n i pi i

C C k C v C k C u C k
= =

= +∑ ∑  and by using the 

nM −  polynomial of a vertex property, we get the required formula.      

Corollary 6.2 : For all 6,p ≥  we have :

( )2 2
2 4

1 1
)( 1c

n p
p pM C p p p

n n
α β   

   
   

    
= + + + +    

− −     

	

1
2

2

4 4 2 4 4 4 6
,

1 1 1 1

p

k

k k k k
p k

n n n n

 
− 

 
=

        − − −
+ + − −        

− − − −         
∑

 

where

2 1 2 2 2 4 2 6
,  is an even,

1 1 1 1
2 2 2 4 2 6 2 8

,  is an odd.
1 1 1 1

p p p p
p

n n n n
p p p p

p
n n n n

α

       − − − −
+ − −       

− − − −       = 
       − − − − + − −        − − − −       

2 1 2 2
,  is an even,

1 1
2 1 2 2 2 4

2 ,  is an odd.
1 1 1

p p
p

n n
p p p

p
n n n

β

   − −
−   

− −   = 
     − − − − −      − − −     

Proof : Obvious.     	 

Conclusion

We can get Hosoya polynomial and wiener index for some special 
cog-graphs from

-nM polynomial and -nM index respectively and which have 
important applications in chemistry, engineering, computers and the rest 
of the sciences by substituting in the value of 2n =  and then dividing 

-2M polynomial and -2M index by 2. (see Table 1).
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Table 1

cog-
graph Hosoya  polynomial Wiener index

c
pK 2 3( 3) ( 3)( 1)

2 2
p p p px p p x x+ −

+ − +
(4 5)p p−

c
pS 2 3 42 4( 1) 3 ( 3)

2 2
p pp x x p x x

 + −
− + + − + 

 

6( 1)( 2)p p− −

c
pW 2 3 4( 1)( 4) ( 1)( 6)

4( 1) ( 1)( 4)
2 2

p p p p
p x x p p x x

− + − −
− + + − − +

2 3 4( 1)( 4) ( 1)( 6)
4( 1) ( 1)( 4)

2 2
p p p p

p x x p p x x
− + − −

− + + − − +

2( 1)(3 8)p p− −

c
pP 1

2
3( 1) 4 ( )p k

k
p x p k x−

=
− + −∑ 21 ( 1)(2 2 3)

3
p p p− + −

c
pC

1 1
2 21

2
2 1

2 2

4 2 , if   is odd
3  4

7 1 , if   is even
2 2

p p
p

k
p pk

x x p
p x p x p

x x p

− +
 

− 
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p p
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k
p pk

x x p
p x p x p

x x p

− +
 

− 
 
= +


++ + 

 +


∑

21 ( 2 1)
2
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